RECENT ADVANCES ON KAWAGUCHI-SILVERMAN

CONJECTURE

YOHSUKE MATSUZAWA

ABSTRACT. This is a survey on Kawaguchi-Silverman conjecture.
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The Kawaguchi-Silverman conjecture predicts the equivalence of the
geometric complexity of self-maps and the arithmetic complexity of or-
bits of rational points. Observations essential to the conjecture were
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already made in the 1990s, but the conjecture itself was explicitly for-
mulated and stated around 2011 by Kawaguchi and Silverman, building
on their earlier work. Following its formulation, people began to prove
many special cases of the conjecture and study arithmetic degrees, a
key concept within the conjecture. In this survey, we introduce the
conjecture, outline some basic observations, and collect results that af-
firm special cases of the conjecture. We have done our best to cover all
results directly related to the conjecture, but we might have missed a
few things.

Notation.

(1) A variety over a field k is (unless otherwise specified) a sepa-
rated irreducible reduced scheme of finite type over k.

(2) Let X be a projective variety over an algebraically closed field.
For Cartier divisors (resp. Q or R-Cartier divisors) D, E on
X, the linear equivalence (resp. Q or R-linear equivalence) is
denoted by D ~ E (resp. D ~g E or D ~r E). They are
said to be numerically equivalent if (D -C) = (E - C) for all
irreducible curves C < X. In this case, we write D = FE.
The group of Cartier divisors modulo numerical equivalence
is denoted by N'(X). We write N*(X)g = N'(X)®zQ and
NY(X)r = N} (X)®zR.

(3) The Kodaira dimension of a variety X is denoted by x(X).
For a Cartier divisor D on a projective variety X, its litaka
dimension is denoted by (X, D).

(4) For a dominant rational map f: X --+ X on a projective va-
riety X defined over an algebraically closed field of character-
istic zero, the i-th dynamical degree of f is denoted by d;(f)
(0 <i<dimX).

(5) For an R-Cartier divisor D on a projective variety X defined
over Q, hp denotes a logarithmic Weil height function associ-
ated with D. We write h}, = max{1, hp}.

2. KAWAGUCHI-SILVERMAN CONJECTURE

2.1. Arithmetic degree. Let X be a quasi-projective variety defined
over an algebraic closure of rational numbers Q. Let us consider a
dominant rational self-map f: X --» X defined over Q. As f is a
rational map and not necessarily a morphism, there might be points at
which f is not defined. The smallest closed subset Iy < X such that
f is a morphism on X\I; is called the indeterminacy locus of f. To
discuss the dynamics of f, let us introduce the following notation.
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Definition 2.1. The set of Q-points whose forward f-orbit is well
defined is denoted by X (Q):

Xi(Q):={zeX(Q) |Vn=0,f"(z)¢I}.
For a point z € X;(Q), its f-orbit is
Oy(x) = {/"(2) | n > 0}

As X;(Q) is defined by countably many conditions, it is not obvious
that this set is non-empty. It is, however, known that this set contains
many points ([2, Corollary 9], [66, Proposition 3.24]). For example,
there is a non-empty adelic open subset A = X (Q) (in the sense of Xie
[66]) such that A = X;(Q) and the f-orbit of every x € A is infinite.

A point z € X(Q) can be represented using a finite number of bits
(for instance, by taking the coordinates and considering the minimal
polynomial of each coordinate). In typical situations, the number of
bits required to represent f"(z) increases as n goes to infinity. The
Kawaguchi-Silverman conjecture relates this growth rate with the geo-
metric complexity of f, the dynamical degree. Specifically, it predicts
that the arithmetic complexity of any dense orbit equals the geometric
complexity of the map f. For more insight into the idea behind the
conjecture, see Becfion 273,

The arithmetic complexity is measured by using Weil height func-
tions. While there are many ways to define height function, we present
the shortest one here. For more about the definitions and fundamentals
on height functions, see [B,16,29].

Definition 2.2 (Weil height functions).

(1) Let K be a number field. For a point z = (ag : --- : ay) €
PN (Q) with a; € K, we define

hpn (x Z log max{|agly, - - -, |an|v}
UEMK
where M is the set of absolute values on K normalized as in
[6, p11, (1.6)]. That is, if v is a place of K whose restriction on
Q is p (p is a prime number or o), then

Jalo = [N, g, (@) /Y

where | |, is the usual p-adic absolute value with [p|, = p~!
when p is prime and | |4 is the usual Euclidean absolute value
on Q. The value hp~ (z) is independent of the choice of K and
the homogeneous coordinates. Thus hpy: PN(Q) — R is a
well-defined function, which is called the naive height function.
(2) Let X be a projective variety over Q and let D be a Cartier di-
visor on X. We attach D a real valued function on X (Q) that
is well-defined up to difference by bounded functions. Write
D = H, — Hy, with very ample divisors H; and Hy; on X.
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Take closed immersions ¢;: X — IP%Z‘ (i = 1,2) such that
©fOpn; (1) ~ Ox(H;). Then we define

hp = hpny © 01 — hpny © g

For another choice of H;’s and ¢;’s, this function changes at
most a bounded function. Moreover, if D and D’ are linearly

equivalent, then hp — hp is also bounded on X (Q). This cor-
respondence D — hp defines a group homomorphism

{Cartier divisors on X}/{principal divisors}
— Map(X(Q), R)/{bounded functions}.

For R-Cartier divisors, we extend by linearity (jsut ®zR in the
left hand side).

Now let us introduce the arithmetic degree.

Definition 2.3. Let X be a quasi-projective variety over Q and let
f: X --+ X be a dominant rational map. Let us fix an immersion
i: X — P to a projective variety P over Q and fix an ample divisor
H on P. Let hy: P(Q) — R be a logarithmic Weil height function

associated with H. We set hj; := max{1, hy}. For a point z € X;(Q),
the arithmetic degree of x is

ay(r) 1= lim b (f" ()"

provided the limit exists. As we mention below, we do not know if this
limit exists always. We use the following notation and call them upper
and lower arithmetic degrees:

as(z) := limsup by (f"(z))'"

n—a0

as(z) = ligiioglf Wi (f" ().

Remark 2.4. The definition apparently depends on the choice of im-
mersion 7: X — P, the ample divisor H, and the height function hg,
but it is actually independent of all of them. The independence of lat-
ter two is immediate from the general fact on height functions. That
is, if H and H' are ample divisors on P and hy and hpy: are arbitrary
choice of height functions associated with H and H' respectively, then
there are constants C' > 1 and C” > 0 such that

1

5hH—C, < hy < C’hH—i-C,
on P(Q). It is easy to see from these inequalities that the definition
is independent of the choice of H and hy. The independence of the
immersion i: X — P follows from [I7, Lemma 3.8].

We quickly recall the definition of dynamical degrees.
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Definition 2.5 (Dynamical degree). Let X be a projective variety over
Q and let f: X --+ X be a dominant rational map. For each positive
integer n, consider the following diagram

where I';, © X x X is the graph of f". Let us fix an ample divisor H on
X. For an integer p between 0 and dim X, the p-th dynamical degree
of fis
S(f) = lim (F7HP - mpomXor) "

It is known that this limit exists and independent of the choice of H (cf.
(1,14, 64] ). Moreover, d,(f) are invariant under birational conjugation.
We define dynamical degrees of dominant rational self-maps on quasi-
projective varieties by taking a projective model.

Note that if f: X — X is a surjective self-morphism on a pro-
jective variety over @, then d;(f) is equal to the spectral radius of
f*: NY(X)g — N'(X)g, i.e. the maximum of the absolute value of
the eigenvalues of f*.

2.2. Kawaguchi-Silverman conjecture. Kawaguchi-Silverman con-
jecture is first stated for dominant rational self-maps on projective
spaces in [60, Conjecture 1] and later formulated for arbitrary smooth
projective varieties in [25, Conjecture 6.

Conjecture 2.6 (Kawaguchi-Silverman Conjecture —original version—
23, Conjecture 6]). Let X be a smooth projective variety and f: X --»
X a dominant rational map both defined over Q.

(1) For all x € X;(Q), the arithmetic degree as(x) exists, i.e. the
limit
lim A (f"(2))""
n—0o0
exists.
(2) ayf(x) is an algebraic integer.
(3) The collection of arithmetic degrees

{af(a:) ‘ = Xf(@)}

18 a finite set.
(4) If the orbit Og(x) is Zariski dense in X, then oy(x) = 61(f).
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Understanding the growth rate of height functions along orbits is a
fundamental subject in arithmetic dynamics. The arithmetic degree is
the simplest measure of this growth rate, and the Kawaguchi-Silverman
conjecture predicts that it is governed by the geometry of f. Given the
foundational nature of this conjecture, we believe it has potential ap-
plications to other problems within arithmetic dynamics. Indeed, there
are already non-trivial applications of studying arithmetic degrees to
the Zariski dense orbit conjecture (Zhang and Medvedev-Scanlon’s con-
jecture) [7,82]. Additionally, it’s worth mentioning that the study
of the Kawaguchi-Silverman conjecture has stimulated deeper under-
standing of the structure of self-maps on varieties.

Let us first remark that part (2) and (3) of the conjecture are al-
ready disproven. Lesieutre and Satriano constructed a counter exam-
ple to part (3) using a family of birational self-maps on surfaces whose
dynamical degrees take infinitely many values.

Theorem 2.7 ([30, Theorem 2]). Let f: Pg --» Pg be the birational
map defined by

[X:Y:Z:A:B]l— [XY+AX:YZ+BX:XZ:AX : BX].

Then there exists a sequence of points P, € (P%)f(@) for which a(P,)
exists and {af(Py,)}n is an infinite set.

Recently, Bell, Diller, and Jonsson constructed an example of dom-
inant rational self-map whose first dynamical degree is a transcenden-
tal number [@] (cf. [3] as well). Wang and the author gave a counter
example to part (2) by showing that the map admits a point whose
arithmetic degree is equal to the first dynamical degree.

Theorem 2.8 ([42, Theorem DJ). There is a dominant rational self-
map f: ]P% - IP% and x € (P%)f((@) such that ay(x) exists, ayp(x) =
01(f), and a¢(x) is a transcendental number.

The existence of the limit defining arithmetic degree (Conjecture 2:6(1))
has been known for morphisms (i.e. I; = ¢J) since when the conjec-
ture was formulated. Moreover, when f is a morphism, part (2)(3) are
actually true.

Theorem 2.9 ([24, Theorem 3, Remark 23]). Let X be a normal pro-
jective variety and let f: X — X be a surjective self-morphism both

defined over Q.

(1) For any x € X(Q), ay(x) exists and is an algebraic integer.
(2) The set

{a(z) | e X(Q)}
18 a finite set.

More precisely, a¢(x) is either 1 or the absolute value of an eigenvalue
of f*: N{(X)g — N'(X)q.
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We already know that parts (2) and (3) of Conjecture 2.§ are not
generally true for rational maps, and parts (1) - (3) have been proven for
morphisms. Therefore, main interest lies in part (4), namely ay(z) =
01(f) for dense orbits. Nonetheless, it is also intriguing to investigate
which maps satisfy parts (2) and (3), given that these parts still hold
true for certain special rational maps like monomial maps. Further,
the existence of the arithmetic degree (part (1) of Conjecture 2.6) for
rational maps remains a challenge. But for dense orbits, this part is
typically proven during the process of proving ay(x) = 6;(f).”

In this note, when we refer to the “Kawaguchi-Silverman conjecture”,
it primarily means this a;y = 6;(f) equality. While the Kawaguchi-
Silverman conjecture is originally stated only for smooth projective
varieties, there is no specific reason to exclude singular varieties.

To simplify the exposition, let us introduce the following conjecture,
which is the essential part of the Kawaguchi-Silverman conjecture.

Conjecture 2.10 (Kawaguchi-Silverman a =9 conjecture). Let X
be a quasi-projective variety defined over Q. Let f: X --» X be a

dominant rational map. If x € X;(Q) has Zariski dense orbit, then
ap(z) exists and ayp(z) = 6;(f).

Remark 2.11 (Smooth vs singular). At this moment, we do not know
if we can reduce the conjecture to the case where X is smooth. It
is always possible to take a resolution of singularities of X, i.e. pro-
jective birational morphism 7: X' — X with X’ is a smooth quasi-
projective variety. Since 7 is birational, f induces a dominant rational
map f': X' --» X' such that fon = 7o f'. But we do not know if all
Zariski dense orbits of f comes from that of f’, that is for any point
x € X;(Q), it is not obvious if there is some [ > 0 and 2’ € X(Q) such
that f!(z) = m(z'). Moreover, even if this is the case, we do not know
if the existence of arithmetic degrees a(z) and oy (') are equivalent.
See [Proposition 4.4 for a special case of such equivalence.

Remark 2.12 (Other ground fields). The notion of height functions
can be generalized to settings beyond number fields. It is well known
that the Weil height machine is available over fields with proper set
of absolute values satisfying product formula. One typical example of
such fields are function fields. But if the coefficient field is infinite, we
do not have the Northcott finiteness property and the exact analogy
of Conjecture 2.10 does not hold. See [A1] and [67, section 2] for more
about this direction. In this survey, we focus on number fields as this
is the case that has been most extensively investigated.

Let us introduce the following fundamental inequality between arith-
metic degree and dynamical degree.

Theorem 2.13 ([25],[3%, Theorem 1.4],[I7, Proposition 3.11]). Let X
be a quasi-projective variety defined over Q. Let f: X --» X be a
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dominant rational map. For x € X;(Q), we have
ap(z) < ou(f)-

This theorem says that the maximal arithmetic complexity that the
orbits can take is at most the first dynamical degree. By this theorem,
to prove [Conjecture 2.10, it is enough to show the inequality « f(:c) >
d1(f) for x having Zariski dense orbit.

2.3. Understanding Kawaguchi-Silverman conjecture. Roughly
speaking, the height of a point is the number of bits you need to describe
the point (cf. [6, Example 1.5.5, Proposition 1.6.6, Lemma 1.6.7]). Over
rational numbers, the number of bits are just the number of digits of
coordinates and Kawaguchi-Silverman conjecture can be interpreted as

lim (number of digits of coordinates of f*(z))"™ = 6,().

n—00
For a dominant rational self-map f: Pg -— Pg , the dynamical degree
91(f) has the following equivalent definition:
d1(f) = lim (algebraic degree of f")l/n
n—ao0

where algebraic degree of f" is the degree of the coprime homogeneous
polynomials defining ™. If f is defined by N +1 coprime homogeneous

polynomials Py, ..., Py with integer coefficient of degree d > 2, then
the n-times composite of them Pé"), ceey P](V" ) defines f™ and have degree

d™. But they may have common factors, and dividing out all the com-
mon factors, we get the coprime defining polynomials and their degree
is the algebraic degree of f™. Now consider a rational point z € PV (Q).
We can write z = (ag : -+ : ay) with coprime integers ag,...,ay. In
this case, it is easy to see that the height ho_, (1) can be chosen so that
the height of z is log max{|ao|, ..., |ay|}, which is approximately equal
to the number of digits up to constant multiple. The homogeneous
coordinates of f"(x) are computed by applying the defining homoge-
neous polynomials of f repeatedly: f"(x) = (Po(n)(ao, coan) e
Pjg}l)(ao, ...,ay)). After n-times iterations, we might expect the num-
ber of digits to be d"-times larger, but they may have common divisors.
Indeed, there will always be a common factor coming from the com-
mon factor of the polynomials PO("), ceey P](Vn). Kawaguchi-Silverman
conjecture essentially claims that this is the only common factor:

1/n
lim <log max { })
n—0o0

= lim |( deg (n)o o
n—w ged(Py, ..., Py)

where G,, = ged <PO(")(a0, e AN )y P](Vn)(ao, .. ,aN)).

P](\?)(CLQ,...,CLN)
G,

Po(n)(ao, e ,CLN)
Gy

g e ey
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To end this section, we present an example of numerical computation.
Let us consider the birational self-map

fiPG-Py (@ y:2) > (aly+2)ialy—2):(y—2)7).
We can easily show that the algebraic degrees deg, f™ of f" satisfies
deg, f* =1,deg, f =2
deg, f"** < deg, f"* + deg, f* n = 0.

Thus the degree sequence is bounded above by Fibonacci sequence and
the first dynamical degree of f is at most the golden ratio (1++/5)/2 ~
1.618... The following is the first few iterates of the point (5: 3 : 1).
Here we write f*(5:3:1) = (a(n) : b(n) : ¢(n)) where a(n),b(n), c(n)
are coprime integers.

n | a(n) b(n) c(n)

0195 3 1

110 5!

2|70 30 9

31130 70 21

4 11690 910 343

5 | 302510 136890 45927

6 | 682765070 339718730 102151449

7 | 268649620388110 144436902263290 50256645593707

For this orbit, the sequence defining arithmetic degree

ho(f"(5:3: 1) = (logmax{la(n)|, [b(n)], le(m)[N"" (n > 1)

2.302..,2.061..,1.694..,1.651.., 1.660.., 1.652.., 1.649.., 1.645.., 1.643.. - - - .

3. A LIST OF KNOWN RESULTS

There are many special cases where the equality ay(z) = 6;(f) is
known. The following is a rough summary of these results. This list
may not be exhaustive and we do not observe the historical order.
Additionally, we do not provide definitions for the terminologies used
here. Let us restate [Conjecture 2.10.

Conjecture (=Conjecture 2.10. Kawaguchi-Silverman « = ¢ conjec-
ture). Let X be a quasi-projective variety defined over Q. Let f: X --»

X be a dominant rational map. If v € X;(Q) has Zariski dense orbit,
then ag(x) exists and agp(x) = §1(f).

This conjecture is proven in the following cases.

(1) X is an arbitrary projective variety and f is a polarized sur-
jective self-morphism. This case includes the case where f is
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a surjective self-morphism on a curve, IP’%, or more generally a

projective variety with Picard number one. (cf. Theorem 54.)

(2) X is a projective surface and f is a surjective self-morphism.
(cf. Theorems 5 T4 and 610 and Remark 5T3.)

(3) X is a semi-abelian variety and f is a surjective self-morphism.
(cf. Chearems 5 4, bR and b12 and Remark 571.)

(4) X is a linear algebraic group and f is a surjective group endo-
morphism. (cf. Theorem 5.)

(5) X is a Mori dream space or (not necessarily Q-factorial) va-
riety of Fano type and f is a surjective self-morphism. This
case includes the case where X is a projective toric variety
and a smooth projective rationally connected variety admit-
ting int-amplified endomorphism. (cf. Thearem 5 TY and Carold

(6) X is a Hyper-Kéhler variety and f is a surjective self-morphism.
(cf. Theorem 514.)

(7) Automorphisms on A% and regular affine automorphisms on
A%, (Cf, MTheorems 5 292 and B24 and m,)

(8) Self-morphisms on A?@ with some conditions on dynamical de-

grees. (cf. Thearems 5 24 and (23 and Remark 5 27.)

(9) There are many special cases proven by using minimal model
theory and projective geometry. These results are mostly on
surjective self-morphisms on projective varieties. Minimal model
theory is particularly effective when the variety admits at least
one polarized or more generally int-amplified endomorphism.
See Eection @ for details.

(10) X is a smooth projective variety, f is a 1-cohomologically hy-
perbolic rational map, and the f-orbit of = is generic. (cf. Thed

4. FIRST PROPERTIES

Let us collect some of basic properties and observations that are
frequently used in the study of Kawaguchi-Silverman conjecture.

Proposition 4.1. Let X be a quasi-projective variety defined over Q.

Let f: X --» X be a dominant rational map. Let x € X;(Q). For
integers m =1 and [ = 0, we have

apn(f'(2)) = a(x)
apn(f'(x)) = ()™

In particular, if one of aym(f'(z)) and ay(x) exists, then the other
exists and o pm(f'(x)) = ay(z)™.

m

Proof. Use the same argument as in [87, Corollary 3.4]. The proof of
(87, Corollary 3.4] uses [87, Lemma 3.3], which assumes X is smooth
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projective. Use [I7, Lemma 3.8] instead, then the same calculation
works. U

The dynamical degree is also compatible with taking iterates: d;(f™) =
61(f)™. Also the orbit O(z) is Zariski dense if and only if Opn (f!(z))
is Zariski dense, so we can always replace f with its iterates to prove
Lonjecture 2.10.

It is easy to see from the definition that the arithmetic degree is
compatible with restriction to closed subvarieties. That is, if f: X --»
X is a dominant rational map and Y < X is a closed subvariety such
that Y ¢ I, f(Y\Iy) € Y, and f|y:Y --» Y is dominant, then we
can form the following diagram:

y -y

n n

X---X.
7

If z € X;(Q) nY, then a;(z) = ay, (z) and @y (z) = @y, ().
When two maps are semi-conjugate by a dominant rational map, we
have inequalities between arithmetic degrees.

Proposition 4.2. Let XY be quasi-projective varieties defined over
Q. Consider the following commutative diagram of dominant rational
maps:

f
-~

b
b

™

~¢

|
7l
3
Y-->
g

Let x € X;(Q) be such that

e the orbit Os(z) avoids the indeterminacy locus I, of m: Op(x) N
I =@
. 7@) € V(@)

Then we have

ay(m(2)) < ap(x)
a(m(2)) < @p(w).

Proof. This follows from the definition of arithmetic degree and [I7,
Lemma 3.8]. O

A typical application of this proposition is the following. Suppose
f,g, and 7 are morphisms and d;(f) = 01(g), then for any point = €
X(Q), we have ap(r) = a,(n(x)). If Of(z) is Zariski dense, then so
is Oy4(m(z)) and hence Conjecture 2.17 for (X, f) follows from that of
(Y, g). From this observation, we have for example:
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Lemma 4.3. Let X, Y be projective varieties over Q and f: X — X,
g: Y — Y be surjective self-morphisms. Then [Conjecture 2.10 for
fxg: XxY — X xY follows from that of f and g.

Proof. This follows from a4(x,y) = max{as(x),a,(y)} and 61(f x
9) = max{o1(f), 01(g)}- U

In general, there are self-morphisms on a product variety that are
not of the form f x g, but there are several cases where this happens
automatically (at least after some iterates). See [b4] for some results
to this direction.

When two maps are conjugate by a generically finite morphism and
the self-maps are quasi-finite, we have the invariance of arithmetic de-
grees for dense orbits.

Proposition 4.4 ([I7, Proposition 3.13)). Let X,Y be quasi-projective
varieties over Q and consider the following commutative diagram

X
Y

where f, g are quasi-finite dominant morphisms and 7 is a generically
finite dominant morphism. Then for x € X(Q), the orbit O(z) is
Zariski dense in X if and only if Oy(w(x)) is Zariski dense in Y.
Moreover, if Oy(x) is Zariski dense in X, then a;(v) = a,(n(x)) and
ar(x) = a,(m(x)). In particular, [Congecture 2.10 for f is equivalent to
that of g.

f
—

S

<;
3

~

—
g

We conclude this section by remarking that Kawaguchi-Silverman
conjecture is vacuous, i.e. there is no Zariski dense orbits, when the
Kodaira dimension of the variety is positive.

Proposition 4.5. Let X be a quasi-projective variety over Q and
f: X --» X be a dominant rational map. If the Kodaira dimension
of X is positive, then f does not have any Zariski dense orbits. Here
the Kodaira dimension of X is by definition the Kodaira dimension of
the smooth projective model of X. In particular, [Conjecture 2.10 is
vacuous in this case.

Proof. This is an application of a variant of the finiteness of pluricanon-
ical representation. See [49, Theorem A], [A0, Remark 1.2]. O

As we have this proposition, the study of Kawaguchi-Silverman con-
jecture focuses on varieties of non-positive Kodaira dimension.
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5. CANONICAL HEIGHTS

A typical strategy to prove the Kawaguchi-Silverman conjecture is to
construct a height function that is compatible with the self-map. Such
a function is often referred to as a canonical height function. This
function is a dynamical analogue of the Néron-Tate height function on
abelian varieties. Ever since Call and Silverman established the polar-
ized endomorphism case in [8], many variants have appeared, reflecting
the structure of the dynamical system under consideration.

Now, let us outline a typical argument used to prove the Kawaguchi-
Silverman conjecture using canonical height functions.

Let f: X --+» X be a dominant rational self-map and hy be a height
function associated with an ample divisor H on X. Let K be a num-
ber field over which X and f are both defined. Suppose we have con-
structed a function 7: X;(Q) — R with the following properties:

h < Cihy + Cy for some constants C1,Cy > 0
ho [ =di(f)h;
(+) The set {x e X(L) ‘ hz) < 0} is not Zariski dense in X
for any field extension K < L < Q with [L : K] < c0.

Note that if % is itself equal to, for example, an ample height function,
then the first and the third conditions are automatically satisfied. Now,

for z € X;(Q) we have
Cih(f"(x)) + Co = h(f"(x)) = 61(f)" ().

If h(z) < 0, then h(f"(z)) = 6,(f)"h(x) < 0 as well. If the point z is
defined over L, where L is a finite extension of K, then all z, f(z), f*(x), ...
are defined over L. Thus if the orbit Oy (z) is Zariski dense, we must

have h(x) > 0. Thus we get
a(z) = liminf A (f"(x))"" = liminf by (f"(2))"/"

— it (Cul(7(2)) + C)*" > lsn (5, ()"h()) " = 615
Since we know a@y(x) < 6;(f) (Cheorem 2T3), we get ap(x) exists and
is equal to 91 (f).

Let us add some remark on the condition (*). It is a weakened version
of Northcott finiteness property for height functions associated with
ample divisors (see, for example, [B, Theorem 2.4.9] for the Northcott
property of ample height functions). For (x), we do not need ampleness
and we have the following.

Proposition 5.1 (cf. [36, Proposition 3.5],[83, Proposition 5.1]). Let X
be a geometrically irreducible normal projective variety over a number
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field K. Let D be an R-Cartier divisor on X3 and hp be a height func-
tion associated with D. If one of the following conditions is satisfied,
then the set

{reX(L)|KcLcK,[L:K]<dhp(z)<B}
15 not Zariski dense in Xz for all B,d > 1.
(1) D s Cartier and x(X,D) > 0, i.e. dim H°(X, Ox(mD)) > 2
for some m € Zq.
(2) X5 s Q-factorial and D is R-linearly equivalent to two effective

R-diwvisors, i.e. D', D" such that D', D" are effective R-divisors
on X?, D’ #* D”, and D ~R D’ ~R D".

If h can be understood as a height function associated with an R-
Cartier divisor D and one of the conditions in [Proposition 5.]] is satis-
fied, then we can confirm (x).

Now, let us introduce several cases where we can construct a nice
canonical height functions and prove Kawaguchi-Silverman conjecture
by using them.

5.1. Polarized endomorphisms and nef canonical height. Polar-
ized endomorphism is probably the first and easiest case that Kawaguchi-
Silverman conjecture was proven. This case is a model case in the study
of the conjecture.

Definition 5.2. Let X be a projective variety over Q and let f: X —
X be a surjective self-morphism. Then f is said to be polarized if there
is an ample Cartier divisor H such that f*H ~ dH for some integer
d>1.

Note that in this case we have d = 0,(f).

Remark 5.3. It is known that the linear equivalence in the definition
can be replaced with numerical equivalence. More precisely, f is polar-
ized if and only if there is a rational number d > 1 and a big R-Cartier
divisor D such that f*D = dD [45, Proposition 1.1].

Theorem 5.4 ([8],[25, Theorem 5]). Notation as in [Definition 5.3. For

any z € X(Q), the limit

hip(x) == lim ha(f"(2))

n—00 dar

exists. Moreover the function iLHyf satisfies
hu.p = hg + O(1)

iLHJ of = diLH’f.

In particular, [Congecture 210 is true for f. Moreover, ay(z) = d =
di(f) if and only if x has infinite f-orbit.
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Note that for any surjective self-morphism f: X — X on a projec-
tive variety X, there is always a numerically non-zero nef R-divisor D
such that f*D = 6;(f)D. (This is an application of Perron-Frobenius
type theorem [6]. Note that the nef cone Nef(X) is strictly convex and
f* preserves the nef cone.) If 6;(f) > 1, we can construct the similar
canonical height function

2 - hp(f(x))
hp r(x) = lim ——=
D,f( ) 00 51 (f)n
called nef canonical height function. This function also satisfies similar
properties

(5.1) hoy = ho + 0 (@)

ilD,f of = 51(f)ilD,f
where hy is any ample height function. Here the O(1) is replaced with
@) <\/h}§) due to the fact that f*D = 6,(f)D is numerical equivalence

and not the linear equivalence. Note that if 0,(f) > 1 and at least
X is smooth, it is actually possible to choose nef divisor D so that
f*D ~g 0,(f)D (cf. [53, Remark 5.11)) and hp s = hp + O (1). But
the problem is that we do not have the Northcott property in general
for hp when D is nef and not ample. Let us also remark that a function
iLD7 7 satisfying (B) is unique.

5.2. Abelian varieties. For group endomorphisms on abelian vari-
eties, Kawaguchi and Silverman gave a description of the vanishing
locus of nef canonical height function and as a consequence proved
Lonjecture 2.10.

Theorem 5.5 ([24]). Let A be an abelian variety over Q and let
f: X — X be a surjective group endomorphism. Suppose 61(f) > 1.
Let D be a non-zero symmetric nef R-divisor on A such that f*D =
n(f)D. (We can always make D symmetric by replacing D with

D + [-1]*D. Note that f commutes with [—1].) Then for z € A(Q),
we can define the canonical height function

Moreover, there is a proper abelian subvariety B < A such that

{x e A(Q) ‘ hps(z) = o} = B(Q) + A(Q)tors

where A(Q)iors @ the set of torsion points.

Since torsion points defined over a fixed number field are finite, the
vanishing locus of iLDJ is Zariski non-dense over a fixed number field.
In particular, [Conjecture 2.10 is true for f.
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Remark 5.6. In [74], instead of hp ¢, they use

hp(nx)
. _ iy 2nT)
qap(z) = lim — "=,
which is usual quadratic part of canonical height function on abelian
varieties. As we choose D symmetric, we can check that this function

satisfies (B) and hence lAdec = qdap-

Remark 5.7. By a following work by Silverman [61], Conjecture 2.10
is proven for surjective self-morphism on abelian varieties. Note that
every dominant rational self-map on an abelian variety is automatically
a morphism. This follows from more general fact that every rational
map from a smooth variety to abelian variety is a morphism because
there is no rational curves on an abelian variety (cf. [28, Corollary 1.5]).
Therefore, [Conjecture 2.10 is completely solved for abelian varieties.

Based on this abelian variety case and a prior work by Silverman
on the monomial maps on algebraic torus (see Becfion 5 3), Sano and
the author proved [Conjecture 2.10 for all surjective self-morphisms on
semi-abelian varieties.

Theorem 5.8 ([8Y, Theorem 1.1]). Let X be a semi-abelian variety
over Q and let f: X — X be a surjective self-morphism. Then [Cond

holds for f.

In this case, other parts of Conjecture 2.6 are actually true, i.e. the
arithmetic degrees are algebraic integers and they take only finitely
many values. See [3Y] for details.

Having seen that the conjecture has been solved for self-morphisms
on semi-abelian varieties, it is natural to ask about its validity for
an arbitrary algebraic groups (they are automatically quasi-projective
cf. [63, Tag OBF7]). As for linear algebraic groups and their group
endomorphisms, the answer is positive.

Theorem 5.9 ([36, Theorem 6.1]). Let X be a connected linear alge-
braic group over Q and let f: X — X be a surjective group endomor-
phism. Then [Conjecture 2.10 holds for f.

Note that it is very difficult to remove the assumption that f is a
group endomorphism, because for example the unipotent group con-
sisting of upper triangular matrices with diagonal entries 1 is an affine
space as varieties. More generally, every linear algebraic group is bira-
tional to a projective space as varieties (cf. [[d, 14.14]).

5.3. Monomial maps. A monomial map is a group endomorphism of
an algebraic torus G¥. It is determined by an N x N matrix A = (a;;)
with integer coefficients. The map corresponds to A is

oa: G — GY

(Xq, .., X)) = (XPXg2 e XV XVEXGN2 - XY,


https://stacks.math.columbia.edu/tag/0BF7
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This map is dominant if and only if det A # 0. Note that the first
dynamical degree of ¢4 is equal to the spectral radius of A. Silverman
introduced the following canonical height function:

Definition 5.10. Let 2: GY(Q) — R be the naive logarithmic height
function (defined by embedding GY = PV). Let

I(A) = < the size of the maximal Jordan blocks of A ) 1

corresponding to eigenvalues of maximal absolute value

Then define

. h(o"
(5.) o) = Tinsup ﬁ

for z € GN(Q).

Remark 5.11. The factor n‘® in the definition of canonical height
corresponds to the following fact on the growth rate of degree sequence
(60, Theorem 24]. Let deg,(¢%) be the algebraic degree, i.e. degree
of defining (coprime) homogeneous polynomials of ¢4 considered as a
rational self-map of PY. Then deg,(¢%) »<« n'§;(p4)" for n = 1.

Theorem 5.12 ([60, Theorem 4)). Notation as above. Suppose §(pa) >
1.

(1) The arithmetic degrees of w4 satisfy
{a,, () | z € GN(Q)} = {eigenvalues of A} U {1}.

In particular, o, ,(x) is an algebraic integer for all x € GY (Q).
(2) Let x € GN(Q) be a point with h,,(x) = 0. Then the orbit

Oy(x) is contained in a proper (possibly disconnected) algebraic

subgroup of G . In particular, [Conjecture 2.10 holds for v 4.
(3) If the matriz A is diagonalizable over C, then

~

hSOA<:C> =0 a@A(m) < 51(90/‘)'

(4) If the characteristic polynomial of the matriz A is irreducible
over Q, then

~

ho,(x) =0 <= O,,(x) is finite.

Remark 5.13. Based on this result, Lin proved the existence of arith-
metic degrees for monomial maps on projective toric varieties. (Note
that Conjecture 2.10 for this case follows directly from Theorem 5 T2.)
Moreover, Lin constructed an example of monomial maps for which the
sequence in (52) has infinitely many accumulation points [34, Example
3.1].
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5.4. Automorphisms on surfaces and Hyper-Kahler varieties.
When you have more than one eigendivisors and can construct canon-
ical height functions associated with them, it is reasonable to expect
that the sum of them might have desired positivity even if each indi-
vidual function does not. This idea already appeared in [69], and now
has numerous variants.

Let us consider an automorphism f: X — X with 6;(f) > 1. Then
we have two nef canonical height functions hp .5 and iAzD_7 f-1 with
respect to f and its inverse f~!. Here D, and D_ are non-zero nef
R-divisors such that f*D, = §,(f)Dy and (f~Y)*D_ = §,(fH)D_.
(Note that we have 6;(f™1) = dqimx_1(f) and log concavity implies
5dimX—1(f) > 1) Then

(5.3) hp, s+hp_ g1 =hp, ep +0 («/hf,)

would have positivity property if so does the divisor D, +D_. Kawaguchi
originally used this strategy for surfaces and later Lesieutre and Satri-
ano extended this idea to Hyper-Kahler varieties.

Theorem 5.14 ([21], [23, Theorem 2], [81, Theorem 1.2]).
fure Z 110 is true for automorphisms on

(1) smooth projective surfaces;
(2) Hyper-Kdhler varieties.

In particular, [Conjecture 2.1Q holds for all surjective self-morphisms on
Hyper-Kdhler varieties because a surjective self-morphism on a Hyper-
Kahler variety is automatically an automorphism.

Remark 5.15. Conjecture 2.10 is now completely proven for surjec-
tive self-morphisms on projective surfaces (cf. [hearem 6 10). Non-
isomorphic surjective self-morphisms on smooth projective surfaces were
proven by Sano, Shibata, and the author [d0], and later Meng and
Zhang proved the singular case [A7]. Except the Kawaguchi’s automor-
phism case, the proof heavily relies on classification (or minimal model
theory) of surfaces.

Theorem 5 T4 follows from the following.

Proposition 5.16 ([21],[31]). Let X be one of the classes of varieties

in [Theorem 5.14. Let f: X — X be an automorphism and suppose
51(f) > 1. Then we have §;(fY) = 61(f) and there are nef R-divisors
D, and D_ on X such that

[ Dy ~g 01(f) D

(f7)*D- ~r &:(f)D-
Dy + D_ is nef and big.
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In particular, the function ilDJﬁf + lAIDﬂffl 18 not bounded above on any
Zariski dense set of K-rational points with bounded extension degree

[K Q.
Using the same method, Lesieutre and Satriano proved Conjecture Z.10

for automorphisms on smooth projective varieties of Picard number two
[31, Theorem 2.30].

Remark 5.17. Once you get the bigness of D, + D_, it is easy to
deduce Conjecture 2.17 from (B33). Indeed, bigness of Dy + D_ implies
hp,+p_ = Chj; on a non-empty open subset of X where C'is a positive

constant. Therefore, for a point z € X(Q) with Zariski dense orbit,
there is a sequence nqy,ns, ... such that

to.ep (7)) + O (17 ()

1
> hi (i) [ ¢+ 0 [ e —
y (”< * ( hE(f”j(%))))

and the right hand side goes to o0 as j — c0. Thus by (B3),
ho, (f"9(@)) + hp_ g (f7(2))
= 0 (f)"hp, g (@) +01(f ) W hp_ 1 (@)

goes to infinity as 7 — o0. Hence we must have }ALD+7f(Qf) > 0 and this
implies af(z) = §;(f). In particular, it is not necessary to find D, and
D_ so that they are eigenvectors up to linear equivalence (numerical
equivalence is enough).

Remark 5.18. Jonsson and Reschke extended the construction of A D,

and hp_ to birational self-maps on smooth projective surfaces [I8, The-
orem D]. But in the paper they say they were not able to prove that
their canonical height is not constant zero. By [hearem 76 and Eed
mark 77, Kawaguchi-Silverman conjecture is now almost proven in this
case and we know that there are points with arithmetic degree equal to
dynamical degree, but we still do not know wether Jonsson-Reschke’s
canonical height is not identically zero or not (cf. [42, Remark 4.11]).

5.5. Mori dream spaces and varieties of Fano type. A surjective
self-morphism f: X — X on a normal projective variety over Q is
automatically a finite morphism and it induces a linear automorphism
f* on NY(X)g by pull-back. Moreover, f* induces a bijection on the
nef cone Nef(X). Therefore, if Nef(X) is generated by finitely many
vectors, it is generated by finitely many extremal rays and these ex-
tremal rays are permuted by f*. By replacing f with f" for some
n > 1, we may assume all the extremal rays are eigenvectors of f*. In
particular, one of them is the leading eigenvector, i.e. eigenvector with
eigenvalue 0, (f). If we further assume all the extremal rays of Nef(X)
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are generated by base point free Cartier divisors, then we can find a
nef canonical height function with nice properties.

Theorem 5.19 ([36]). Let f: X — X be a surjective self-morphism
on a normal projective variety over a number field K. Suppose
(1) Nl(X@)Q ~ PiC(X@)Q
(2) the nef cone Nef(Xg) is generated by finitely many base point
free Cartier divisors
Then after replacing f with its iterates, there is a non-zero nef and base
point free divisor D such that f*D ~ 01(f)D and the corresponding nef

canonical height function }AlDJ satisfies the following property. For any
BeRandd=>=1,

{$ e X(L) ‘ [L: K] <d hpsle) < B}

s not Zariski dense. In particular, [Conjecture Z.1Q is true for f.

The assumptions in the theorem are well-studied in algebraic geom-
etry and there are many varieties that satisfy them.

Corollary 5.20. [Conjecture Z.10 is true for surjective self-morphism
on Mori dream spaces, varieties of Fano type, and projective toric va-
rieties.

Proof. The conditions in Mhearem 519 are actually parts of the def-
inition of Mori dream spaces. We can check that varieties of Fano
type satisfy the conditions by basic theorems in minimal model theory
(base point free theorem and cone theorem). For projective toric vari-
eties, the conditions follow from [I0, Theorem 6.3.12, Theorem 6.3.15,
Theorem 6.3.20]. O

The key point in Theorem H 19, as well as polarized case, is that
we can find a good eigendivisor for f*. In [b0], Nasserden explored
what conditions on eigenspaces of f* would be sufficient for proving
Kawaguchi-Silverman conjecture.

5.6. Regular affine automorphisms. When our self-map is a ratio-
nal map and not a morphism, it is usually very difficult to construct
canonical height function with nice properties. There is an early work
by Kawaguchi on regular affine automorphisms that can be understood
as a generalization of the strategy in Eection 5.

Definition 5.21. An automorphism f: AN — AN over Q is called
regular affine automorphism (regular polynomial automorphism) if the
indeterminacy loci of f and f~! considered as birational maps on PV
are disjoint.

Regular affine automorphism is algebraically stable when it is consid-
ered as a rational self-map on the projective space PV via the natural
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embedding AN < PV (ie. (f")* = (f*)": PicPY — PicP¥, cf. for
example [23, Lemma 19]).

Theorem 5.22 ([22]). Let f: A% — Ag be a regular affine au-
tomorphism with degree d > 2 (i.e. d is the maz of the degrees of

the coordinate polynomials). Then d = 01(f) since f is algebraically
stable as a self-map on ]P’%. Let d_ be the degree of f~ (note that

d_=6.(f") = on_1(f) = 2). Let h: AN(Q) — R be the naive log-
arithmic height function (defined by embedding Ag c IP’%) Then the
limits

~ . h(f™(x _

hi(r) = lim W re AN (Q)

n—oo n

h7(z) = lim h(fd—:;(x)) ze AN(Q)

! s

exists and ﬁ}r + iLJI >« h+O(1) (implicit constants depend at most on
f). In particular, [Congecture 2.1 is true for f.

Remark 5.23. In [20], Kawaguchi proved two dimensional version of
for all automorphisms on A?@ with dynamical degree > 1.

We remark that, every automorphism f: A% e A% with 0;(f) > 1 is

conjugate to a regular affine automorphism (more precisely, composite
of Hénon maps) cf. [20, Theorem 3.1, Proposition 3.2]. Here conjugate
means conjugate by an automorphism on A%. Therefore,

implies [Conjecture 210 for all automorphisms on A%.

5.7. Self-morphisms on A%. Jonsson and Wulcan studied the case
for self-morphisms on affine plane A%. They use some results about

equivariant compactification of self-morphisms on A%, which is based
on prior works by Favre and Jonsson on valuative trees.

Theorem 5.24 ([19, Main Theorem]). Let f: A% > A?@ be a domi-
nant self-morphism with 61(f) > 02(f) (f is said to have small topo-
logical degree). Let h: A%2(Q) — R be the naive logarithmic height
function (defined by embedding A*> = P?). Then the limit

; . h(f"(2))

h(z) = lim —————=

=B
exists for all x € A2(Q). Further, h is not constant 0 and h(x) = 0
implies
ay(x) = limsup A(f"(x))"" < 8(f) < d1(f)-
n—ao0

Moreover, if f is an automorphism, then ﬁ(m) = 0 of and only if x is

f-periodic. In particular, [Conjecture 2.10 holds for automorphisms on
AZ
Q
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We remark that Conjecture 2.10 for automorphisms on A?@ was al-

ready proven by Kawaguchi in [20] (cf. Remarkh 23). But Jonsson and
Waulcan’s proof is different and has the following extension.

Remark 5.25. There is an unpublished work by Jonsson-Wulcan-Xie
on Kawaguchi-Silverman conjecture for self-morphisms on A2. For a
dominant self-morphism f: A?@ — A?@, if f satisfies one of the follow-

ing conditions, then Conjecture 2.10 holds for f:

(1) 01(f) = 02(f);

(2) 61(f) ¢ Z;

(3) 01(f) € Z and ged(d1(f), 62(f)) # 1.
Also, they proved that Vojta’s conjecture implies Kawaguchi-Silverman
conjecture for f. I appreciate them sharing this result with me and
allowing me to include it here.

Let us mention that there is another relevant result Cheorem 73
and Remark 73, which can be understood as a generalization of Kawaguchi’s
approach.

6. MINIMAL MODEL PROGRAM AND PROJECTIVE GEOMETRY

Recently, there have been many advancements in the study of the
Kawaguchi-Silverman conjecture that use techniques from projective
geometry and the minimal model program. The fundamental idea is as
follows: Suppose we have a surjective self-morphism f: X — X on a
certain projective variety X. If we can find another projective variety
Y that is birational to X and is geometrically well understood (e.g. PV,
an abelian variety, or a product of them), then we could deduce the
Kawaguchi-Silverman conjecture for f from that of the induced map
fy on Y. However, the challenge lies in the fact that even if Y is a
well-understood variety, the Kawaguchi-Silverman conjecture for Y is
very difficult if fy is a rational map. Therefore, the crucial aspect of
this strategy is to construct Y in such a way that fy is a morphism.

6.1. Varieties admitting an int-amplified endomorphism. For
a projective variety, the presence of certain special types of surjective
self-morphisms, such as polarized self-morphisms, generally imposes
a very strong condition. There have been efforts to classify all such
varieties and to understand the structure of these self-morphisms. In
this context, Meng introduced the following class of surjective self-
morphisms on projective varieties:

Definition 6.1 ([24]). Let f: X — X be a surjective self-morphism
on a projective variety defined over an algebraically closed field. Then

f is said to be int-amplified if there is an ample Cartier divisor H such
that f*H — H is ample.
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Remark 6.2. Polarized endomorphisms are int-amplified. Int-amplifiedness
is characterized by the following property: the modulus of all the
eigenvalues of f*: N'(X) — N!(X) is greater than 1 [44, Theorem
3.3]. Contrast to polarized case, being int-amplified is preserved under
taking products. For additional properties of int-amplified endomor-
phisms, see Section 3 in [44].

Int-amplified endomorphism was first introduced in the study of equi-
variant minimal model program as described below, but the notion
seems to be useful in other context, e.g. [26]. Also int-amplifiedness
can be understood as cohomological hyperbolicity (cf. Definifion 79):
f: X — X is int-amplified if and only if dgim x—1(f) < daimx(f) =
deg f (at least when X is smooth), i.e. f is dim X-cohomologically
hyperbolic.

Minimal model theory provides us strong tools to study the structure
of algebraic varieties. The basic idea it to perform a series of special
type of transformations that simplify the variety. Meng and Zhang
proved that if the original variety admits an int-amplified endomor-
phism, then all the process in MMP can be made equivariant under
any surjective self-morphisms up to iterates. The following is a part
of the consequence of their results ([d8, Theorem 1.2], [45, Theorem
1.8],[#4, Theorem 1.10]).

Theorem 6.3 (Equivariant MMP (Meng-Zhang)). Let X be a Q-
factorial kit projective variety over Q admitting an int-amplified endo-
morphism. Then for any surjective self-morphism f: X — X, there
exists a positive integer n > 0 and the following commutative diagram
of rational maps

X=Xg- % X, - X, X, LA
90=f"l gll gr1l lgr Jh
Xo - e —>X1—7r—1—>---———>XT,1 ;7:1—>X,,<TA

such that

(1) mi: X; --+ Xiy1 is either the divisorial contraction, flip, or
Fano contraction of a Kx,-negative extremal ray;

(2) A is an abelian variety and v is a finite morphism that is étale in
codimension one, i.e. quasi-étale morphism (Note that A could
be a point);

(3) gi: Xy — X, fori=0,...,r and h: A — A are surjective
self-morphisms.

In [@7], Meng and Zhang studied a strategy of proving Kawaguchi-
Silverman conjecture and extracted the following special case called
Case TIR as the obstruction to their strategy.
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Definition 6.4 (Case TIR,, —Totally Invariant Ramification case—).
Let X be a normal projective variety of dimension n > 1, which has
only Q-factorial klt singularities and admits an int-amplified endomor-
phism. Let f : X — X be an arbitrary surjective self-morphism.
Moreover, we impose the following conditions.

(A1) The anti-Kodaira dimension is zero: (X, —Kx) = 0, and —Kx
is nef, whose class is extremal in both the nef cone Nef(X') and
the pseudo-effective divisors cone Eff(X).

(A2) There is a prime divisor D such that f*D = §;(f)D and D ~g
—Kx. (Here the equality is an equality as divisors. In particu-
lar, 01(f) is an integer.)

(A3) The ramification divisor of f satisfies Supp Ry = D.

(A4) There is an f-equivariant Fano contraction 7 : X — Y with
0n(f) > 01(fy)(= 1), where fy is the induced surjective self-
morphism on Y.

(A5) dim(X) > dim(Y) +2 > 3.

Theorem 6.5 ([27, Theorem 1.7]). Let X be a Q-factorial kit projective
variety over Q admitting an int-amplified endomorphism.

(1) If Kx is pseudo-effective, then [Conjecture 2.10 is true for all
surjective self-morphisms on X. Note that in this case X 1is
an Q-abelian variety (i.e. there is a finite surjective morphism
from an abelian variety that is étale in codimension one).

(2) Assume [Congecture 2.10 is true for Case TIR,, for n < dim X
(it is enough to assume for the fibrations appearing in an equi-
variant MMP starting from X). Then [Conjecture 2.1Q is true
for all surjective self-morphisms on X.

Note that when X is a Q-abelian variety, then every surjective self-
morphism on X lifts to a surjective self-morphism on the abelian variety
covering it and hence Conjecture Z.10 follows from the abelian variety
case [47, Theorem 2.8].

The following theorem gives us some insight about the conditions in
Case TIR.

Theorem 6.6 ([47, Proposition 1.6]). Let f : X — X be a surjec-
tive self-morphism of a Q-Gorenstein normal projective variety X over
Q with positive anti-Kodaira dimension: r(X,—Kx) > 0. Suppose
[*Kx = 61(f)Kx. Then [Conjecture 2.10Q holds for f.

Remark 6.7. Using equivariant MMP, we may reduce the problem to
the case where f*Ky = 6;(f)Kx holds. This theorem ensures once you
have (X, —Kx) > 0, then we get the desired result. Further investiga-

tion of the case k(X, —Kx) = 0 leads to the Case TIR (Definifion 64).
See [&7] for more details.

Yoshikawa and the author proved that if the original variety X is
smooth rationally connected, then Case TIR does not happen.
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Theorem 6.8 ([43]). Let X be a smooth projective rationally connected
variety defined over Q such that X admits at least one int-amplified
endomorphism. Then for any surjective self-morphism f: X — X,
[Conjecture 2.1Q s true.

Remark 6.9. This theorem is first proven in dimension three by Meng
and Zhang [@7, Theorem 1.11]. After we proved this theorem, Yoshikawa
proved that such a variety is actually a variety of Fano type [68]. There-
fore Kawaguchi-Silverman conjecture follows from Thearem 5 Td. But
let us remark that Yoshikawa’s proof in [68] is an extension of our
arguments in [43], so it does not give an easier proof of Kawaguchi-
Silverman conjecture.

As another application of minimal model program, Meng and Zhang
proved Kawaguchi-Silverman conjecture for surjective self-morphisms
on projective surfaces (not necessarily smooth).

Theorem 6.10 ([4%, Theorem 1.3]). [Congecture 2-1Q is true for all
surjective self-morphisms on projective surfaces.

Remark 6.11. For automorphisms, this theorem follows from smooth
case, which was proven by Kawaguchi [21], by taking equivariant res-
olution of singularities. For surjective self-morphisms on smooth pro-
jective surfaces, this was proven in [40].

6.2. Projective geometry. There are many works that utilize tech-
niques from projective and birational geometry to prove special cases of
Kawaguchi-Silverman conjecture. A common strategy involves reduc-
ing the problem to cases that have already been proven, or demonstrat-
ing that there are no Zariski dense orbits, thereby confirming
Eire 210 in a vacuous sense. This approach often requires exploiting
the algebro-geometric structures of the varieties in question. In this
subsection, we collect such results.

A smooth projective variety X over Q is said to be Calabi-Yau if
dim X > 3, Ox(Kx) ~ Ox, and dim H°(Q%.) = 0 for 0 < p < dim X.
According to the Beauville-Bogomolov decomposition, Calabi-Yau va-
rieties together with abelian varieties and Hyper-Kéhler varieties are
building blocks of smooth projective varieties with numerically trivial
canonical divisors. From this point of view, Lesieutre and Satriano
proved:

Theorem 6.12 ([31, Corollary 1.5]). Let n be a positive integer. Then
[Conjecture Z.1Q is true for all automorphisms of smooth projective va-
rieties X over Q with dimension at most n and Kx numerically trivial
if and only iof [Conjecture Z.1Q is true for all automorphisms of smooth
Calabi-Yau varieties over Q with dimension at most n.

See [33, Proposition 3.1] for a generalization of this theorem to sin-
gular varieties. See [32] as well for a related result.
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For a smooth projective variety X, let us write the irregularity of X
by ¢(X), i.e. ¢(X) = dim H'(X,Ox). Chen, Lin, and Oguiso studied
Kawaguchi-Silverman conjecture and existence of Zariski dense orbits
for varieties with positive irregularities ¢(X) > 0 in [d]. In any dimen-
sion, using albanese morphism and geometry on abelian varieties, they
proved:

Theorem 6.13 ([9, Theorem 1.5]). Let X be a smooth projective va-
riety over Q with Kodaira dimension zero.
(1) If ¢(X) = dim X, then [Congecture 2.1Q holds for all dominant
rational self-maps f: X --+ X.
(2) If ¢(X) = dim X — 1, then any birational map f: X --» X has
no Zariski dense orbits and hence [Conjecture 2.10 is vacuously
true.

See [32] for a related result.

Remark 6.14. For a smooth projective variety X with Kodaira di-
mension zero, the irregularity is at most dim X: 0 < ¢(X) < dim X.
Moreover, if ¢(X) = dim X, then the albanese morphism is birational
and hence X is birational to an abelian variety. See [27].

Constructing a fibration is the most common way to reduce Kawaguchi-
Silverman conjecture to easier cases. Let f: X — X be a surjective
self-morphism. Suppose we have constructed a fibration (i.e. proper
surjective morphism with connected fibers) 7: X — Y and a self-
morphism g on Y such that gon = mo f. Such an equivariant fibra-
tion structure is helpful to understand the dynamics of f. Indeed, if
01(f) = d1(g), then Kawaguchi-Silverman conjecture for f follows from
that of g (cf. Proposifion 4.2 and comments after that). But when
01(f) > d1(g), there is no way to deduce the conjecture to g. (Case
TIR (Definifion 64) can be understood as an appearance of this dif-
ficulty.) Projective bundles are probably the easiest fibration and this
case is already non-trivial in general.

Theorem 6.15 (31, Theorem 1.10, Corollary 6.8.]).

(1) [Congecture 210 holds for all surjective self-morphisms on n-fold
rational normal scrolls over Q.

(2) Let C be a smooth projective curve over Q and £ be a vector
bundle on C'. Then [Conjecture 2.10 holds for all surjective self-
morphisms on the projective bundle Pc(E) if it holds for all
surjective self-morphisms on Pco(E) with £ semistable of degree

0.

Theorem 6.16 ([33, Proposition 4.1]). Let Y be a smooth Fano variety
over Q of Picard number one. Let X = Py (&) be a projective bundle

over Y. Then [Conjecture 2.10 holds for all surjective self-morphisms
f:X—X.
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We end this subsection with a list of results on 3-folds.

Theorem 6.17.

(1) [31, Proposition 1.7] Let X be a smooth projective variety over
Q with dim X = 3 and Kodaira dimension zero. Then
Fure 210 is true for surjective self-morphisms f: X — X with
deg f > 2.

(2) [B1, Theorem 1.8] Let X be a smooth Calabi-Yau three fold and
f: X — X an automorphism. Suppose either

o the second Chern class co(X) is strictly positive on Nef(X),
or
e there is a mon-zero semi-ample nef divisor D such that
(2(X)-D)=0."
Then [Conjecture 2.10 holds for f.

(3) [31, Theorem 1.10 (1)] Let X be a projective variety over Q with
dim X = 3. Suppose X has a Mori fiber space structure (see
[31, Definition 6.1] for the definition). Then [Conjecture 2.10
holds for automorphisms on X.

(4) [9, Theorem 1.6] Let X be a smooth projective variety over Q
with dim X = 3 and q(X) > 0.

(a) [Conjecture 2.10 is true for automorphisms on X.
(b) Suppose X is not covered by rational surfaces. Then [Cond

1s true for birational self-maps on X.

6.3. Some useful facts. In this subsection, we introduce some basic
facts that can be used to construct fibrations equivariant under self-
morphisms. For more about this topic, you may refer to, for instance,
[@8, Theorem 4.19], [d5, section 4, Lemma 6.2], [&7, Theorem 7.2], [I7,
section 4]. Let us start with the following fundamental fact.

Proposition 6.18. Let f: X — X be a surjective self-morphism on a
normal projective variety X defined over Q. Let D be a Cartier divisor
on X such that

e f*D =dD for some d e Z-y;
e D is base point free and (its sublinear system) defines a mor-
phism ¢: X —> IP’%.

1Oguiso pointed out that the proof contains an error. The proof employs Oguiso’s
theorem on the finiteness of co-contractions, but it is only up to automorphisms
and therefore one cannot deduce that D is fixed by some iterates of f. Although
not yet published, Oguiso has provided an alternative proof for this case and has
also proven some generalizations [567].
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Let X 5 Y — IP’% be the Stein factorization of ¢. Then f induces a
surjective self-morphism g: Y — 'Y such that

x-1.x

Y — Y
commautes.

Proof. An irreducible curve C' < X is mapped to a point by 7 if and
only if (D -C) = 0. Therefore f preserves the fibers of w. Use the
Zariski main theorem to conclude the proof. O

Every surjective self-morphism on a projective bundle descends to a
surjective self-morphism on the base after replacing with some iterate.

Proposition 6.19. Let Y be a normal projective variety over Q and
let £ be a locally free Oy-module of finite rank. Let X = P(E) :=
Proj@®,=0 Sym" £ be the projective bundle over Y with structure mor-
phism m: X — Y. Let f: X — X be a surjective self-morphism.
Then there is a positive integer m and a surjective self-morphism g: Y —
Y such that

x I x
Y — Y
commutes.
Proof. Use the same argument before [0, Theorem 2. O

Albanese morphism is compatible with self-morphisms because of
the universal property.

Theorem 6.20 ([33, Proposition 3.7],[4, Proposition 5.1]). Let X be
a normal projective variety over Q. Let a: X —> A be the albanese
morphism.

(1) Let f: X — X be a self-morphism. Then [ induces a self-
morphism g: A — A such that ao f = go «a. Moreover, if f
has Zariski dense orbit, then « is surjective.

(2) Suppose X is smooth. Let f: X --+ X be a rational map. Then
f induces a self-morphism g: A —> A such that ao f = goa.
Moreover, if f has Zariski dense orbit, then o is surjective.

Remark 6.21. To deduce the last part of Thearem 620(2) from [9,
Proposition 5.1], we have to confirm that a Zariski dense set of Q-points
is Zariski dense in Xc. We can prove this by using, for example, the
openness of the morphism X — X, which is because the morphism
Spec C — Spec Q is universally open (cf. [63, [Tag 0383]).


https://stacks.math.columbia.edu/tag/0383
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7. TOWARD RATIONAL MAPS

We have seen that there are many partial results and potential
strategies to prove Kawaguchi-Silverman conjecture for surjective self-
morphisms on projective varieties. However, the situation for rational
maps is markedly different. In certain special cases, there are nice
canonical height functions as discussed in Becfion 3. Yet, it is unclear
if we can expect the existence of such nice functions for general ratio-
nal maps. The effectiveness of algebro-geometric methods arises from
the fact that height functions have functorial property with respect to
morphisms. When our self-map is merely a rational map, and not a
morphism defined everywhere on a projective variety, we usually cannot
interpret geometric relationships between divisors directly as equations
of height functions. There are several highly non-trivial results for ra-
tional maps that confirm the conjecture e.g. Cheorems 5 T2, b2, 24
and BI3. In this section, we introduce some recent works concerning
rational maps.

7.1. Self-morphisms on affine surfaces. Among rational maps, those
which can be regarded as self-morphisms on quasi-projective varieties
are relatively more tractable. In [I7], Jia, Shibata, Xie, and Zhang
studied Kawaguchi-Silverman conjecture and Zariski dense orbit con-
jecture for surjective self-morphisms on quasi-projective varieties. Study-
ing the structure of self-maps and the varieties, they proved:

Theorem 7.1 ([I'4, Theorem 1.8, Theorem 1.9]). Let X be a smooth
affine surface over Q and let f: X — X be a finite surjective self-
morphism. Let ®(X) be the log Kodaira dimension.
(1) If R(X) = 0 and deg f > 2, then [Conjecture 2.1Q holds for f.
(2) If R(X) = —o0 and deg f = 1, then [Conjecture 2.10 holds for
f.
(3) If the étale fundamental group 7 (X) is infinite, deg f = 2, and
X % A' x G, then [Conjecture 2.10 holds for f.

7.2. Cohomologically hyperbolic maps. Recently, Wang extended
the idea of the proof of positivity of canonical height functions for
automorphisms on surfaces and adapt it to a class of rational maps
called cohomologically hyperbolic maps [35]. In this generalization, he
did not take the approach to construct a canonical height function, and
only proved that the height sequence ”hy(f"(z))” satisfies a certain
inequality.

Definition 7.2. Let X be a projective variety over Q. Let p € Z
with 1 < p < dimX. A dominant rational map f: X --» X is
said to be p-cohomologically hyperbolic if 0,(f) > &;(f) for all i €
{1,...,dim X}\{p}.

This class of rational maps were first introduced by Guedj [15] as a
cohomological analogue of hyperbolicity. Wang proved:
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Theorem 7.3 ([35, Theorem 1.4]). Let X be a smooth projective sur-
face over Q. Let f: X --» X be a 1-cohomologically hyperbolic domi-
nant rational map (i.e. 01(f) > 02(f)). Assume there is an open dense
subset W < X\I; with f(W) c W such that either

(1) flw: W — W is étale, or

(2) W = A?@.
Then [Conjecture 2.10 holds for f.

Remark 7.4. In [35, Theorem 1.4], f|w: W — W is assumed to be
surjective, but it is not necessary.

Remark 7.5. The second case (i.e. affine space case) also follows from
Remark 5 25. Jonsson-Wulcan-Xie’s proof uses valuative trees as a
key ingredient to prove the positivity of canonical height functions.
Wang’s approach is completely different, but it actually uses valuative
tree indirectly as the proof requires dynamical Mordell-Lang conjecture
for A%, which is proven by Xie using valuative tree [G3].

Wang needs the assumptions (1)(2) in entirely because
he uses dynamical Mordell-Lang conjecture. If you assume that the
orbit is generic and not merely Zariski dense, then you can avoid this
difficulty. Recall that an orbit Of(x) is generic if it is infinite and its
intersection with any proper closed subset is finite. We remark that
dynamical Mordell-Lang conjecture implies every Zariski dense orbit is
generic. In our joint work, Wang and the author proved the following
higher dimensional generalization of [hearem 773.

Theorem 7.6 ([&2, Theorem A, Corollary 1.8]). Let X be a smooth
projective variety over Q. Let f: X --» X be a p-cohomologically

hyperbolic map. Let x € X;(Q) be a point with generic f-orbit. Then
we have

5]7
o) > 2

If p =1, then ay(z) exists and oyp(x) = 61 (f).

Note that if f is a birational self-map on a smooth projective surface,
then 1-cohomological hyperbolicity is equivalent to d1(f) > 1. For such
a case, [Conjecture 2.10 with the stronger assumption that Of(x) is

generic follows from Chearem 7.

Remark 7.7. As an application of some properties of arithmetic de-
grees and dynamical degrees, we proved that 1-cohomologically hyper-
bolic map has points with generic orbits [42, Theorem B].

8. RELATED TOPICS

There are several works concerning arithmetic degrees.
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Kawaguchi-Silverman conjecture asks if a point with dense orbit
has arithmetic degree equal to dynamical degree, but it is natural
to ask if there exists at least one point x that satisfies the equality
ag(x) = 01(f). This is proven for surjective self-morphisms on projec-
tive varieties [40, Lemma 9.1,Corollary 9.3] (in this paper, the variety is
assumed smooth, but the same proof works for singular varieties). By
the following works by Sano and Shibata, it is proven that such points
are Zariski dense over Q and over number fields under some additional
assumptions [66,57]. For rational maps, it is not known in general that
there is at least one point z with as(x) = 6;(f). There are some results
to this direction [23, Theorem 3], [42, Theorem B, Proposition 4.6].

There are several works studying which values arithmetic degrees
can take. In general, the set {a(z) | x € X;(Q)} of arithmetic degrees
can be infinite (Theorem—277), but for surjective self-morphisms on
normal projective varieties, it is finite and described by the eigenvalues
of f*: NY(X) — NX) (Chearem 79). Lin determined the set of
arithmetic degrees of monomial maps on projective toric varieties [34,
Theorem A]. In [3Y], we determined the set of arithmetic degrees of
surjective self-morphisms on semi-abelian varieties. For a surjective
self-morphism on a normal projective variety f: X — X, members
of the set {|u| | p is an eigenvalue of f* with |u| > 1} are candidates of
arithmetic degrees. In [51], Nasserden studies the difference of this set
and the set of arithmetic degrees (# 1). For surjective self-morphisms
on QQ-factorial toric varieties, he proved that all such values can be
realized as arithmetic degrees. Also he constructed examples of self-
morphisms on abelian varieties such that some of such candidate values
are not realized as arithmetic degrees.

For surjective self-morphism on a projective variety, we can observe
that the set of points x with af(x) < 6;(f) is small. More precisely,
it seems that the set of points = with af(x) < 6;(f) and defined over
number fields of bounded degree is not Zariski dense. This is stated as
“small Arithmetic Non-density conjecture (sAND)” in [B8, Conjecture
1.3] and confirmed for several cases. See [68] and [61, Theorem 1.7
for related results. Note that sSAND implies Kawaguchi-Silverman con-
jecture. It is also worth mentioning that we cannot expect the same
statement for rational maps [38, Remark 1.4(6)].

Kawaguchi-Silverman conjecture compares arithmetic degree ay(x)
with the first dynamical degree 01(f) of f. It is natural to ask what
the arithmetic counter part of higher dynamical degrees 9,(f) is. Dang,
Ghioca, Hu, Lesieutre, and Satriano defined higher arithmetic degrees
using Arakelov theory and extend Kawaguchi-Silverman conjecture to
that setting [I2]. In their formulation, higher arithmetic degrees are
defined for subvarieties (not points) and measures arithmetic complex-
ity of orbits of subvarieties. Very recently, Jiarui Song established
basic properties of higher arithmetic degrees and gave a conceptual
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proof of the inequality @ (x) < 61(f) for arbitrary dominant rational
maps on normal projective variety over a number field [62]. Moreover,
he gave a counter example to DGHLS’s higher dimensional version of
Kawaguchi-Silverman conjecture using the morphism that produces a
counter example to the original dynamical Manin-Mumford conjecture.

9. FUTURE DIRECTIONS

Let us conclude this survey by discussing potential future directions.

The most challenging and crucial case of the Kawaguchi-Silverman
conjecture might be the dominant rational maps on the projective space
IP’% . The projective space has densely many rational points and a rich
structure of self-maps. Another demanding case is self-maps on Calabi-
Yau varieties. In broad terms, Calabi-Yau varieties are one of the build-
ing blocks of varieties of Kodaira dimension zero, alongside Abelian
varieties and Hyper-Kéhler varieties. The Kawaguchi-Silverman con-
jecture is fully resolved for Abelian varieties, and for Hyper-Kéhler
varieties, it is solved for all surjective self-morphisms. However, we
lack such general results for Calabi-Yau varieties and even the solution
for automorphism case would be very interesting (See [heorem 6 17).
It’s worth mentioning that Calabi-Yau varieties are also expected to
have many rational points and exhibit a rich dynamical structure.

Solving the Kawaguchi-Silverman conjecture in full generality may
be quite difficult, but exploring, for instance, the cohomologically hy-
perbolic case could be intriguing. It would also be interesting to ex-
amine how prevalent cohomologically hyperbolic maps are. Given that
they are defined by the non-coincidence of successive dynamical de-
grees, it is reasonable to anticipate the existence of many such maps,
particularly on specific varieties such as projective spaces.

The Case TIR (Definifion 64), which emerged during the study of
the Kawaguchi-Silverman conjecture, is interesting from the viewpoint
of the structure theory of surjective self-morphisms on projective va-
rieties as well. It is predicted that the Case TIR does not occur, but
this remains an open question in general to the best of my knowledge.

In addition to proving the equality af(x) = &;(f), establishing the
existence of the arithmetic degree for arbitrary dominant rational self-
maps presents a significant challenge. This is tied to a deeper un-
derstanding of the sequence hy(f"(x)). For surjective self-morphisms
on projective varieties, this sequence is well-understood, at least when
ag(r) > 1 (See [b4, Theorem 1.1]). For rational maps, this sequence
behaves wildly (See [34, Example 3.1]), making it intriguing to discern
some patterns.

Investigating the function field analogue of the Kawaguchi-Silverman
conjecture could also be of interest. When the coefficient field of the
function field is infinite, some additional assumptions are necessary to
avoid “constant points”, but it seems reasonable to expect that the
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same essentially holds. Refer to Remark 219 and [I3,41,67] for more
on this direction.

As demonstrated in [I7,42], the study of arithmetic degrees has ap-
plications to the Zariski dense orbit conjecture. The arithmetic degree
serves as a measure of the complexity of the orbits, meaning that, under
certain additional assumptions on the geometric structure of the self-
maps, points with maximal arithmetic degrees have dense orbits. Pur-
suing this direction and discovering further applications to the Zariski
dense orbit conjecture would be highly fascinating.

Acknowledgements. The author would like to thank Mattias Jon-
sson, John Lesieutre, Sheng Meng, Keiji Oguiso, Kaoru Sano, Matt
Satriano, Takahiro Shibata, Joe Silverman, Elizabeth Wulcan, Junyi
Xie, Shou Yoshikawa and D.Q. Zhang for valuable comments on the
manuscript of this survey and answering his questions. Some of the
works related to the equivariant MMP referred in this survey started
during the Simons symposium “Algebraic, Complex and Arithmetic
Dynamics (2019)”. The author would like to thank Simons foundation
and the organizers, Laura DeMarco and Mattias Jonsson, for providing
a stimulating and collaborative environment.

REFERENCES

[1] E. Amerik. On endomorphisms of projective bundles. Manuscripta Math.,
111(1):17-28, 2003.

[2] E. Amerik. Existence of non-preperiodic algebraic points for a rational self-map
of infinite order. Math. Res. Lett., 18(2):251-256, 2011.

[3] J. Bell, J. Diller, M. Jonsson, and H. Krieger. Birational maps with transcen-
dental dynamical degree. arXiv preprint arXiww:2107.04113, 2021.

[4] J. P. Bell, J. Diller, and M. Jonsson. A transcendental dynamical degree. Acta
Math., 225(2):193-225, 2020.

[5] G. Birkhoff. Linear transformations with invariant cones. The American Math-
ematical Monthly, 74(3):274-276, 1967.

[6] E.Bombieri and W. Gubler. Heights in Diophantine geometry, volume 4 of New
Mathematical Monographs. Cambridge University Press, Cambridge, 2006.

[7] A. Borel. Linear algebraic groups, volume 126 of Graduate Texts in Mathemat-
ics. Springer-Verlag, New York, second edition, 1991.

[8] G.S. Call and J. H. Silverman. Canonical heights on varieties with morphisms.
Compositio Math., 89(2):163-205, 1993.

[9] J.-A. Chen, H.-Y. Lin, and K. Oguiso. On the Kawaguchi-Silverman con-
jecture for birational automorphisms of irregular varieties. arXiv preprint
arXiv:2204.09845, 2022.

[10] D. A. Cox, J. B. Little, and H. K. Schenck. Toric varieties, volume 124 of Grad-
uate Studies in Mathematics. American Mathematical Society, Providence, RI,
2011.

[11] N.-B. Dang. Degrees of iterates of rational maps on normal projective varieties.
Proc. Lond. Math. Soc. (3), 121(5):1268-1310, 2020.

[12] N.-B. Dang, D. Ghioca, F. Hu, J. Lesieutre, and M. Satriano. Higher arithmetic
degrees of dominant rational self-maps. Ann. Sc. Norm. Super. Pisa Cl. Sci.
(5), 23(1):463-481, 2022.



34
[13]
[14]

[15]

[16]

[17]

[18]
[19]

[20]

YOHSUKE MATSUZAWA

V. Dimitrov. Silverman’s conjecture for additive polynomial mappings. arXiv
preprint arXiw:1511.04061, 2015.

T.-C. Dinh and N. Sibony. Une borne supérieure pour I’entropie topologique
d’une application rationnelle. Ann. of Math. (2), 161(3):1637-1644, 2005.

V. Guedj. Propriétés ergodiques des applications rationnelles. In Quelques as-
pects des systémes dynamiques polynomiauz, volume 30 of Panor. Synthéses,
pages 97-202. Soc. Math. France, Paris, 2010.

M. Hindry and J. H. Silverman. Diophantine geometry: An introduction, vol-
ume 201 of Graduate Texts in Mathematics. Springer-Verlag, New York, 2000.
J. Jia, T. Shibata, J. Xie, and D.-Q. Zhang. Endomorphisms of quasi-projective
varieties—towards Zariski dense orbit and Kawaguchi-Silverman conjectures.
arXiv preprint arXiw:2104.05339, 2021.

M. Jonsson and P. Reschke. On the complex dynamics of birational surface
maps defined over number fields. J. Reine Angew. Math., 744:275-297, 2018.
M. Jonsson and E. Wulcan. Canonical heights for plane polynomial maps of
small topological degree. Math. Res. Lett., 19(6):1207-1217, 2012.

S. Kawaguchi. Canonical height functions for affine plane automorphisms.
Math. Ann., 335(2):285-310, 2006.

S. Kawaguchi. Projective surface automorphisms of positive topological en-
tropy from an arithmetic viewpoint. Amer. J. Math., 130(1):159-186, 2008.
S. Kawaguchi. Local and global canonical height functions for affine space
regular automorphisms. Algebra Number Theory, 7(5):1225-1252, 2013.

S. Kawaguchi and J. H. Silverman. Examples of dynamical degree equals arith-
metic degree. Michigan Math. J., 63(1):41-63, 2014.

S. Kawaguchi and J. H. Silverman. Dynamical canonical heights for Jordan
blocks, arithmetic degrees of orbits, and nef canonical heights on abelian vari-
eties. Trans. Amer. Math. Soc., 368(7):5009-5035, 2016.

S. Kawaguchi and J. H. Silverman. On the dynamical and arithmetic degrees
of rational self-maps of algebraic varieties. J. Reine Angew. Math., 713:21-48,
2016.

T. Kawakami and B. Totaro. Endomorphisms of varieties and Bott vanishing.
arXw preprint arXiw:2302.11921.

Y. Kawamata. Characterization of abelian varieties. Compositio Maith.,
43(2):253-276, 1981.

J. Kollar and S. Mori. Birational geometry of algebraic varieties, volume 134
of Cambridge Tracts in Mathematics. Cambridge University Press, Cambridge,
1998. With the collaboration of C. H. Clemens and A. Corti, Translated from
the 1998 Japanese original.

S. Lang. Fundamentals of Diophantine geometry. Springer-Verlag, New York,
1983.

J. Lesieutre and M. Satriano. A rational map with infinitely many points of dis-
tinct arithmetic degrees. Ergodic Theory Dynam. Systems, 40(11):3051-3055,
2020.

J. Lesieutre and M. Satriano. Canonical heights on hyper-Kéhler varieties and
the Kawaguchi-Silverman conjecture. Int. Math. Res. Not. IMRN, (10):7677—
7714, 2021.

S. Li. Kawaguchi-Silverman conjecture on automorphisms of projective three-
folds. arXiv preprint arXiv:2209.06815, 2022.

S. Li and Y. Matsuzawa. A note on Kawaguchi-Silverman conjecture. Internat.
J. Math., 32(11):Paper No. 2150085, 12, 2021.

J.-L. Lin. On the arithmetic dynamics of monomial maps. Ergodic Theory
Dynam. Systems, 39(12):3388-3406, 2019.



KAWAGUCHI-SILVERMAN CONJECTURE 35

[35] W. Long. Periodic points and arithmetic degrees of certain rational self-maps.
Journal of the Mathematical Society of Japan, 1(1):1-26, 2023.

[36] Y. Matsuzawa. Kawaguchi-Silverman conjecture for endomorphisms on several
classes of varieties. Adv. Math., 366:107086, 26, 2020.

[37] Y. Matsuzawa. On upper bounds of arithmetic degrees. Amer. J. Math.,
142(6):1797-1820, 2020.

[38] Y. Matsuzawa, S. Meng, T. Shibata, and D.-Q. Zhang. Non-density of points
of small arithmetic degrees. J. Geom. Anal., 33(4):Paper No. 112, 41, 2023.

[39] Y. Matsuzawa and K. Sano. Arithmetic and dynamical degrees of self-
morphisms of semi-abelian varieties. FErgodic Theory Dynam. Systems,
40(6):1655-1672, 2020.

[40] Y. Matsuzawa, K. Sano, and T. Shibata. Arithmetic degrees and dynamical
degrees of endomorphisms on surfaces. Algebra Number Theory, 12(7):1635—
1657, 2018.

[41] Y. Matsuzawa, K. Sano, and T. Shibata. Arithmetic degrees for dynamical
systems over function fields of characteristic zero. Math. Z., 290(3-4):1063—
1083, 2018.

[42] Y. Matsuzawa and L. Wang. Arithmetic degrees and Zariski dense orbits of
cohomologically hyperbolic maps. arXiv preprint arXiv:2212.05804, 2022.

[43] Y. Matsuzawa and S. Yoshikawa. Kawaguchi-Silverman conjecture for endo-
morphisms on rationally connected varieties admitting an int-amplified endo-
morphism. Math. Ann., 382(3-4):1681-1704, 2022.

[44] S. Meng. Building blocks of amplified endomorphisms of normal projective
varieties. Math. Z., 294(3-4):1727-1747, 2020.

[45] S. Meng and D.-Q. Zhang. Building blocks of polarized endomorphisms of
normal projective varieties. Adv. Math., 325:243-273, 2018.

[46] S. Meng and D.-Q. Zhang. Semi-group structure of all endomorphisms of
a projective variety admitting a polarized endomorphism. Math. Res. Leit.,
27(2):523-549, 2020.

[47] S. Meng and D.-Q. Zhang. Kawaguchi-Silverman conjecture for certain surjec-
tive endomorphisms. Doc. Math., 27:1605-1642, 2022.

[48] N. Nakayama. Intersection sheaves over normal schemes. Journal of the Math-
ematical Society of Japan, 62(2):487 — 595, 2010.

[49] N. Nakayama and D.-Q. Zhang. Building blocks of étale endomorphisms of
complex projective manifolds. Proc. Lond. Math. Soc. (3),99(3):725-756, 2009.

[50] B. Nasserden. Effective eigendivisors and the Kawaguchi-Silverman conjecture.
arXw preprint arXiw:2011.08788, 2020.

[51] B. Nasserden. On the realizability of arithmetic degrees of morphisms. arXiv
preprint arXw:2212.01909, 2022.

[52] K. Oguiso. The Kawaguchi-Silverman conjecture for endomorphisms of Ueno-
type varieties. in preparation.

[53] K. Sano. The canonical heights for Jordan blocks of small eigenvalues, prepe-
riodic points, and the arithmetic degrees. arXiv preprint arXiw:1712.07533,
2017.

[54] K. Sano. Growth rate of ample heights and the dynamical Mordell-Lang con-
jecture. Int. J. Number Theory, 14(10):2673-2685, 2018.

[55] K. Sano. Dynamical degree and arithmetic degree of endomorphisms on prod-
uct varieties. Tohoku Math. J. (2), 72(1):1-13, 2020.

[56] K. Sano and T. Shibata. Zariski density of points with maximal arithmetic
degree for surfaces. arXiv preprint arXiv:2101.08417, 2021.

[67] K. Sano and T. Shibata. Zariski density of points with maximal arithmetic
degree. Michigan Math. J., 73(2):429-448, 2023.



36
[58]
[59]

[60]

[61]

[62]

YOHSUKE MATSUZAWA

T. Shibata. Ample canonical heights for endomorphisms on projective varieties.
Journal of the Mathematical Society of Japan, 71(2):599 — 634, 2019.

J. H. Silverman. Rational points on K3 surfaces: a new canonical height.
Invent. Math., 105(2):347-373, 1991.

J. H. Silverman. Dynamical degree, arithmetic entropy, and canonical heights
for dominant rational self-maps of projective space. Ergodic Theory and Dy-
namical Systems, 34(2):647-678, 2012.

J. H. Silverman. Arithmetic and dynamical degrees on abelian varieties. J.
Théor. Nombres Bordeauz, 29(1):151-167, 2017.

J. Song. A high-codimensional arithmetic Siu’s inequality and its application
to higher arithmetic degrees. arXiv preprint arXiv:2306.11591, 2023.

The Stacks project authors. The Stacks project. https://stacks.math.
columbia edu, 2023.

T. T. Truong. Relative dynamical degrees of correspondences over a field of
arbitrary characteristic. J. Reine Angew. Math., 758:139-182, 2020.

J. Xie. The dynamical Mordell-Lang conjecture for polynomial endomorphisms
of the affine plane. Astérisque, (394):vi+110, 2017.

J. Xie. The existence of Zariski dense orbits for endomorphisms of projective
surfaces. J. Amer. Math. Soc., 2022.

J. Xie. Remarks on algebraic dynamics in positive characteristic. J. Reine
Angew. Math., 797:117-153, 2023.

S. Yoshikawa. Structure of Fano fibrations of varieties admitting an int-
amplified endomorphism. Adv. Math., 391:Paper No. 107964, 32, 2021.

DEPARTMENT OF MATHEMATICS, GRADUATE SCHOOL OF SCIENCE, OSAKA
METROPOLITAN UNIVERSITY, 3-3-138, SUGIMOTO, SUMIYOSHI, OSAKA, 558-
8585, JAPAN

Email address: matsuzaway@omu.ac. jp


https://stacks.math.columbia.edu
https://stacks.math.columbia.edu
mailto:matsuzaway@omu.ac.jp

	1. Introduction
	2. Kawaguchi-Silverman Conjecture
	2.1. Arithmetic degree
	2.2. Kawaguchi-Silverman conjecture
	2.3. Understanding Kawaguchi-Silverman conjecture

	3. A list of known results
	4. First properties
	5. Canonical heights
	5.1. Polarized endomorphisms and nef canonical height
	5.2. Abelian varieties
	5.3. Monomial maps
	5.4. Automorphisms on surfaces and Hyper-Kähler varieties
	5.5. Mori dream spaces and varieties of Fano type
	5.6. Regular affine automorphisms
	5.7. Self-morphisms on A2Q

	6. Minimal Model Program and Projective geometry
	6.1. Varieties admitting an int-amplified endomorphism
	6.2. Projective geometry
	6.3. Some useful facts

	7. Toward rational maps
	7.1. Self-morphisms on affine surfaces
	7.2. Cohomologically hyperbolic maps

	8. Related topics
	9. Future directions
	References

