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Abstract

This is an expository note on height functions associated with
closed subschemes. This manuscript contains nothing new.
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1 Introduction

This is an expository note on height function associated with closed sub-
schemes with detailed proof. Height functions associated with closed sub-
schemes are introduced by Silverman in [[]. They are generalization of usual
height functions associated to Cartier divisors. Standard references for height
functions associated with Cartier divisors are [2,3,4].

In most literatures, the base schemes on which we define height functions
are assumed to be irreducible and reduced. In this note, we do not assume
these properties.

2 Notation

Let k be a field.

(1) A projective scheme over k is a scheme over k which has a closed
immersion to the projective space P} for some n € Z~ over k.

(2) A quasi-projective scheme over k is a scheme over k which has an open
immersion to a projective scheme over k.

(3) An algebraic scheme over k is a separated scheme of finite type over k.

(4) Let X be a scheme over k and k — k' be a field extension. The base
change X Xgpec Spec &’ is denoted by Xj,. For an “object” A on X, we
sometimes use the notation Ay to express the base change of A to &’
without mentioning to the definition of the base change if the meaning
is clear.

(5) For a Noetherian scheme X, the set of associated point of X is denoted
by Ass(X).
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3 Absolute Values

3.1 Absolute values

In this section, we recall basic facts on absolute values that we use to define
height function later. A good reference for absolute values is [6, Chapter 9.

Definition 3.1. Let K be a field. An absolute value on K is a map
[ o: K — Roo; 2 — Jaly
which satisfies the following properties:
(1) [zylo = [z[o]yl, for all z,y € K
(2) |z + ylo < |z]o + |y|o for all z,y € K;
(3) for z € K, |z|, = 0 if and only if 2 = 0.

The absolute value | |, is called non-archimedean if the following holds instead
of (2):
|z + y|, < max{|z|,, |y|,} forall z,ye K.

An absolute value which is not non-archimedean is called archimedean. Two

absolute values are said to be equivalent of they define the same topology on
K.

Remark 3.2. An absolute value | |, is non-archimedean if and only if |n-1|, <
1 for all n € Z (the 1 is the identity element of our field K).

We use the subscript v to distinguish several absolute values. We some-
times refer an absolute value as v instead of | |, for simplicity. In this note,
even if we write simply v, this does not mean the place.

Definition 3.3. Let K be a field. Let | |, be a non-trivial absolute value
on K. We say | |, is well-behaved if for any finite field extension K < L, we

have
[L: K] =) [Ly: K,
wlv
where the sum runs over all absolute values w on L which extend v. (The
notation w|v means the restriction of w on K is v.) Here L,, and K, are the
completion of L and K with respect to w, v respectively.

Remark 3.4. In the setting of the above definition, the inequality [L : K] >
Diwfol Lw + K] is always true.
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Remark 3.5. If K is complete with respect to v, then v is well-behaved
because there is exactly one extension of v to L and L is complete with
respect to that absolute value.

Remark 3.6. Let K be a field of characteristic zero. Then every non-trivial
absolute value on K is well-behaved.

Proof. Let v be a non-trivial absolute value on K. Let L be a finite extension
of K. Then the extensions of v to L correspond to the prime ideals of L&y K.
Since K has characteristic zero, we have

LK, ~ Ly, x -+ X Ly,
where wq, ..., w, are the extensions of v to L. Thus we get
[L: K] = dimg, LOxK, = Y [Lu, : K,].
i=1
m

Lemma 3.7. Let K be a field and v a well-behaved absolute value on K.
Then for any finite extension K < L and any extension w of v to L, w is
also a well-behaved absolute value.

Proof. Let L' be a finite extension L. Then we get
[L': K] = Z (L, : K] since v is well-behaved

ulv
u ab. val. on L’

= > DL Lul[Lw : K

wlv ulw
w ab. val. u ab. val.
on L on L’

A

[L':L] ) [Lw:K,)=[L:L)[L: K] =[L":K]

wlv
w ab. val.
on L

Therefore, the inequality is actually equality and we are done.
O

Lemma 3.8. Let K be a field and v a well-behaved absolute value on K. Let
K < L be a finite extension. Then for any o € L, we have

[T o™ = |Ny(a)l,.

w|v,
w ab. val. on L

Here Ny i is the norm associated to the field extension.
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Proof. We have
Npjx(a) = detg(L & L) = detg, (LOx K, &5 Lok K,)

where dety (resp. dety,) stand for determinant as K (resp. K,) linear maps.
Since v is well-behaved, we have

LRkK, ~ | [ L.
wlv
Thus we get
NL/K(Oé) = HdetKU(Lw i Lw) = HNLw/KU(CV)-

wlv w|v

This shows

Vo)l = [ TINzm (@)l = [ Tlaffe#.

wlv wlv

3.2 Proper set of absolute values

Definition 3.9. Let K be a field and | |, be an absolute value on K. We
say | |, is proper if | |, is non-trivial, well-behaved, and if char K = 0, then
the restriction of | |, to Q is equivalent to either trivial absolute value, p-adic
absolute value, or the usual absolute value®.

Definition 3.10. Let K be a field. A non-empty set M of absolute values
on K is said to be proper if

(1) all element of My is proper;
(2) for all | |,,] |w € Mk, if | |, # | |w, then | |, and | |, are not equivalent;
(3) for all z € K\{0}, t{ve My | |z|, # 1} < 0.

Remark 3.11. A proper set of absolute value My contains only finitely
many archimedean absolute values. This is because the property (3) and
archimedean absolute values restrict to the usual absolute value on Q. We
denote the set of archimedean absolute values in Mk by MZ. The set of
non-archimedean absolute values is denoted by M.

! This is automatically true.
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Remark 3.12. Since finite fields do not have non-trivial absolute values, K
is infinite if it admits a proper set of absolute values.

Definition 3.13. Let K be a field and Mg be a proper set of absolute values
on K. For a field extension K < L, we set

My (L) = M(L) = {| y

| |» is an absolute value on L } _
whose restriction to K is an element of Mg

Strictly speaking, this set depends on My and the embedding KX — L. But
we usually fix K, Mg, and an algebraic closure K of K and work inside K,
so there would not be any confusion.

Lemma 3.14. Let K be a field and My be a proper set of absolute values on
K. Let K < L be a finite extension. Then M (L) is a proper set of absolute
values on L.

Proof. The only non-trivial thing is property (3) in Definition BI0. Let
a € L\{0}. We will show that f{w € M(L) | |a|, # 1} < o0. Let f(X) =
X" 4+ a,_1 X" '+ --- 4+ ag be the minimal monic polynomial of a over K.
Since M is proper, there is a finite set S < My containing M such that

la;jly =1or0fori=0,...,n—1
INpj(@)]y =1

for all v € Mg\S. For any v € Mg\S, let w € M(L) be such that w|v.
Then « (as an element of L,) is integral over O, = {x € K, | |z|, < 1}.
Thus [N, /k, (o), < 1. By the proof of Lemma BS and |Np/k(a)|, = 1,
we get |Np,/k,(a)l, = 1 for all w € M(L) such that wjv. Thus |a|, =

N, (@) [ = 1 for all w e M(L) such that w|x € Mg\S. 0

4 Local heights

In this section, we define local height functions associated to closed sub-
schemes. We will do this in several steps.

4.1 Presentation of closed subschemes

In this section, we work over an infinite field k.

Lemma 4.1. Let U = AY be a non-empty Zariski open subset. Then U (k) #
.
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Proof. (sketch).

We may assume U = D(f)(= AN\(f = 0)), where f € k[z1,...,zx] is a
non zero polynomial. It is enough to show that for any non zero polynomial
f € kl[xy,...,zn], there is a point a € kY such that f(a) # 0. This can be
shown by induction on N. For N = 1 case and proceeding induction, we
need the assumption that £ is infinite. Il

For an effective Cartier divisor D on X, let Ox(D) = Homo, (Zp, Ox)
where Zp, is the ideal sheaf of D. The global section of Ox (D) corresponding
the inclusion Zp — Ox is denoted by sp.

Lemma 4.2. Let X be a quasi-projective scheme over k.

(1) For any effective Cartier divisor D on X, there are globally generated
invertible Ox-modules L, M such that Ox (D) ~ LML,

(2) Let L be a globally generated invertible Ox-module on X and x4, ... x, €
X be scheme points. Then there are generating global sections sg, . . ., Sy
of L such that non of them vanish at any of x;.

(3) Let Y < X be a closed subscheme such that Y n Ass(X) = . Let
x1,...x, € X\Y be scheme points. Then there are effective Cartier
divisors Dy, ..., D, on X such that

Y=Din---nD, as closed subschemes of X,

T1,...,T, & D fori=1,...,r.

Proof. (1) Since X is quasi-projective, there is an ample invertible Ox-
module Ox(1). We will write Ox(m) = Ox(1)®™. For large enough m > 0,
Ox(m) and Ox(D)®0Ox(m) are globally generated, and we are done.

(2) Take a morphism to a projective space ¢: X — P& defined by
a generating global sections of £. Replace X, £, and zy,...x, with P},
O(1), and p(z1),...,0(z,), we may assume X = P& and £ = O(1). Non
vanishing at @, ..., z, is a Zariski open condition on H°(O(1)) = kN1 let
U < H°(O(1)) be the open set. Generating O(1) is a Zariski open condition
for N + 1-tuples of elements of H°(O(1)): let V < H°(O(1))V*! be the open
set. Then by Lemma B0, UV 1V # & and we are done.

(3) It follows from the following claim.

Claim 4.3. Let X be a projective scheme and Y < X a closed subscheme.
Let xy,...,x, € X\Y be scheme points. Then there are locally principal
closed subschemes D+, ..., D, of X such thatY = Dy n---n D, as schemes
and x; ¢ D; for alli,j.
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Proof. Let T be the ideal of Y < X. By replacing some specialization
points, we may assume z; are closed points of X. Let m,, be the ideal of the
closed points x;. Let Ox (1) be an ample Ox-module.

Let us consider the following exact sequence:

i=1

0_>I~n$1...rnz

n
Since Y n {xy,...,z,} = &, we can tensor Z preserving exactness:

0—my, - my, T —T— Pk(z;) — 0.

i=1

Let us take m > 0 so that ZQOx (m) is globally generated and H'(X, m,, - - - m,, ®
Z® Ox(m)) = 0. Then we get a surjection:

HY (X, T®Ox(m)) — @ k(z;).

n
=1

Take k-bases of k(z;) and fix a k-vector isomorphism @), k(z;) ~ k%
Write the surjective k-linear map defined by the above map 7: H°(X,Z ®
Ox(m)) — k? Sincek is infinite, by Lemma BT, there is a k-basis ey, .. ., eq
of k% whose all coordinates are not zero. Let sy,...,s5 € H*(X,Z® Ox(m))
be lifts of e;: m(s;) = e;. Extend this to generating sections s, ..., Sq4, Sy 1,..., 8
Since ey, ..., eq is a k-basis of k¢, there are a;; € k such that all coordinates
of

!/
r

d
7r(3;+2aijsj) i=d+1,...,7”
j=1

are not zero. Set s; = 5;4—2?21 a;;s; fori = d+1,...,7. Thesesy,..., s, asel-

ements of H°(X, Ox(m)) define locally principal closed subschemes Dy, ..., D,

of X. By the construction, Y = Dy n---n D, and z; ¢ D;. |
O

Definition 4.4 (Presentations of closed subschemes). Let X be a quasi-
projective scheme over k.

(1) Let £ be an invertible Ox-module. A global section s € H*(X, L) is
called a regular global section if the homomorphism Ox — L defined
by s is injective. Note that this is equivalent to say that s does not
vanish at any of associated points of X.
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(2) Let D be an effective Cartier divisor on X. A presentation of D is
D= (SD;'CMSOa"‘7871;M7t07"'7tm;¢)

where £, M are globally generated invertible Ox-modules, 1: £ ®
M= — Ox(D) is an isomorphism, and s, ...,s, € H°(X,L) and
to, ..., t,m € H(X, M) are regular global sections which generate £
and M. We usually omit ¢ and write

D = (SD;,C,So,...,Sn;M,tO,...,tm)
for simplicity.

(3) Let Y < X be a closed subscheme such that Y n Ass(X) = . A
presentation of Y is
Y=(;Dy,...,D)

where D; are presentations of effective Cartier divisors D; on X such
that Y = Dy n--- ,nD, as closed subschemes.

Remark 4.5. By Lemma B2, those presentations are always exist.

Definition 4.6. Let X be a quasi-projective scheme over k. Let D, FE be
two effective Cartier divisors on X and

D= (SD;'CaSO’"'asn;Mat(]?"'7tm;z/));
E= (s L, 80,5 Mty ..t 50

presentations of them.
(1) We define the sum of D and & as
D+ €& =
(SD+E; LOL {s:®sjozizni MOM {ti®@jozizm; ¥ ® w').
Note that this is a presentation of D + E.

(2) Let f: X’ — X be a morphism over k where X’ is a quasi-projective
scheme. We say f*D is well-defined if f(Ass(X’)) n D = & and
80, -+ 8n, toy-..,ty, do not vanish at any points of f(Ass(X’)). In
this case, the scheme theoretic inverse image f~!(D) is an effective
Cartier divisor on X', which is denoted by f*D, and we define

f*D = (Sf*D;f*Eaf*SOa'")f*sn;f*M7f*t07'"7f*tm;f*¢)'
This is a presentation of f*D.
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Definition 4.7. Let X be a quasi-projective scheme over k. Let Y, /W < X
be closed subschemes such that Y nAss(X) = WnAss(X) = . Let Zy, Zw
be the ideals of Y, W. The closed subschemes defined by Zy + Zy, and Zy Zy,
are denoted by Y nW and Y +W respectively. Note that (Y nW)nAss(X) =
Gand (Y + W) nAss(X) = &.
Let
Y= (Yuplv .- 7DT);
W = (W;gl,...,gs)
be presentations of Y, W.
(1) We define
yﬁW = (YﬁW;Dl,...,Dr,gl,...,(S'S).
This is a presentation of Y n W.
(2) We define
V+W=(Y +Wi{D; + & hcicri<jss)-
This is a presentation of Y + W.

(3) Let f: X’ — X be a morphism over k where X’ is a quasi-projective
scheme. Suppose f*D; are well-defined for all @ = 1,...,r. (In this
case, we say f*) is well-defined.) Then f~1(Y) n Ass(X') = ¢&J. We
define

f*y = (fil(Y)v f*D17 R f*DT)
This is a presentation of f~(Y).
Remark 4.8. Let f: X’ — X be a morphism over k between quasi-
projective schemes over k. Let Y < X be a closed subscheme such that

Y n (Ass(X) u f(Ass(X'))) = &. Then by Lemma B2, there is a presenta-
tion ) of Y such that f*) is well-defined.

Lemma 4.9. Let k < k' be a field extension. Let X be a quasi-projective
scheme over k andY < X be a closed subscheme such that Y nAss(X) = .
Let Y = (Y;Ds,...,D,) be a presentation of Y where

D; = (spi; L9 5§ 5@ MO D 40y,

7 Vmy

Then the base change Y < Xy also satisfies Vi N Ass(Xy) = & and
Vir = (Yir; (D1)s - - - (Dr)w)
s a presentation of Yy where

(Do) = (5(00yes L7, (58w (8)ars MU (B oy -, (80 )0).

i
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Proof. Since X —> X is flat, Ass(X’) is mapped to Ass(X). The rest is
obvious. O

Construction 4.10 (Meromorphic functions associated to presentations).

Let X be an algebraic scheme and £ be an invertible Ox-module. For
a regular section s € H(X, L), we define a section s~ € HY(U, L) where
U = X\ div(s) as follows. Since

S OU e E‘U
is an isomorphism, the homomorphism
sV L7 = Home, (L, 0x) — Home, (Ox, Ox)

is also an isomorphism on U. We define s7! = (s¥)7!(idp,) € H*(U,L™).
Note that U is dense open in X since s is a regular section.

Let X be a quasi-projective scheme over k and D be an effective Cartier
divisor on X. Take a presentation of D:

D = (SD;‘Casl]?'"7$n;Mat07"'7tm;w)'
Then we have the following isomorphism:
U LOM ' @Ox(D)™ 2% 04 (D)@ Ox(D)™! ~ Oy

where the last isomorphism is the canonical isomorphism. We write

Sq

= U(s; ®t]-_1 ®sp') e H'(U,Ox)
SDt]'
where U = X\(D v div(¢;)) is a dense open of X. Let V = SpecA < U
be an open subset on which £ and M are trivial. Fix isomorphisms L] ~
Oy and M|y ~ Oy. By these isomorphisms and v, we get isomorphisms
Ox(D)|ly ~ Ly @ M|,;! ~ Oy. Let f,g, fp € A be elements corresponding
to silv,t;|v, splv via these isomorphisms. Then ¢; |y and sy correspond
to ¢! and f;' and

S;

corresponds to i
SDtj v DY

4.2 Bounded subsets

In this section, we fix a field K and a proper set of absolute values My
on K. We fix an algebraic closure K < K. Let M = M(K) = {v |
v is an absolute value on K such that v|x € My}

For absolute value v on any field, let e(v) = 1 if v is archimedean and
¢(v) = 0 if v is non-archimedean.
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Definition 4.11. Let K ¢ L ¢ K be an intermediate field such that [L :
K] < . Let X be an algebraic scheme over L.

(1) Let U = X be an open affine subset. Let v € M(K). A subset B =
U(K) is said to be bounded with respect to U and v if

sup{|f(x)|,} <oo forall fe OU).

zeB

(2) Let U < X be an open affine subset. An Mg-bounded family of subsets
of U is a family B = (B,),epx) such that

(a) for each v e M(K), B,  U(K) is a bounded subset with respect
to U and v;

(b) for any f e O(U) and for any vy € Mg,

Cuo,a(f) == sup sup{|f(z)],} <o

ve M(K)x€B,y
v|vg

and Cy, g(f) <1 for all but finitely many vy € Mx-.

Remark 4.12. Let V < U < X are open affine subsets of X. Let v € M.
Then a bounded subset with respect to V' and v is a bounded subset with
respect to U and v. Also, an Mg-bounded family of subsets of V is an
Mpg-bounded family of subsets of U.

Remark 4.13. Let U < X be an open subset. Finite unions of Mg-bounded
family of subsets of U are also Mg-bounded family of subsets of U.

Lemma 4.14. Let K ¢ L ¢ K be an intermediate field such that [L : K] <
0. Let X be an algebraic scheme over L. Let U < X be an affine open subset
and B = (By) e be an M -bounded family of subsets of U.

Let {U;}:_; be an open cover of U where U; are principal open subsets of U.
Then for each i, there is an My-bounded family of subsets B* = (Bf])yeM(?)
of U; such that

U B! =B, for everyve M(K).
i=1

Proof. Let U = Spec A and U; = Spec Ay, where f; € A. Since | J;_, U; = U,
there are a;,...,a, € A such that

afi+tanf, = 1.
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Take any v € M(K) and = € B,. Let vy = v|x € My. Then

L=lavfi+ -+ apflo < 70 max {Cy, p(a;)} max {| fi(w)l}.

1<i<

Thus we have

1
«(vo) C
< r' max{C,, gla;
maxi<i<r{[fi(2)]o} 1<Z<’"{ o5(0)}

Now, let B! = {z € B, | |fi(x)|, = maxi<j<{|f;(2)],}}. Obviously, we
have | J;_, B, = B,. For every z, one of the f;(z) is not zero, and hence
B! < Uj(K). Let ¢ € O(U;). Then we can write ¢ = a/f" for some a € A
and n > 0. Take any v € M(K) and let vy = v|x € M. Then for x € B! we
have

@l @)l
POl = F@E ~ meaxm e (@)

< relvo)n maX{CUOB(CLz)} Cup,B(0).

1<i<r

Thus B! is bounded with respect to U; and v. Moreover

sup sup {|¢ ()]} < petvoln max {Cy, 5(a;)}" Cup.5(a)

<i<r
vlvg z€B], I<sig

and the right hand side is < 1 for all but finitely many vy. This proves
(B};)veM(f) is an Mg-bounded family of subsets of U;.
O

Proposition 4.15. Let K ¢ L < K be an intermediate field such that
[L: K| <. Let X be a projective scheme over L. Let {U;}i_, be an open

affine cover of X. Then there are My -bounded family of subsets (quj)veM(F)
of U; such that

U B! = X(K) for everyve M(K).

Proof. By Lemma BI4, it is enough to show the proposition for one specific
open affine cover {U;}I_; of X.

Fix an embedding t: X — PY = Proj L[z, ..., zn]. Set U; = . 7D (z;))
and ¢;; = v*(z;/x;) € O(U;). Let

= {z e Uy(K) | |¢ij(z)|y < 1forall j = 0,..., N}.
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Since ¢;;,7 = 0,..., N generate O(U;) as an L-algebra, B! is bounded with
respect to U; and v. Take any f € O(U;). Then there is a polynomial P in
N + 1-variables with coefficient in L such that f = P(pi,...,¢in). Then
for any vy € My, we have

sup sup{|£(2)],} < sup{T*™ max {lal.}}

'Ul'”U LEEBZ U|7J() a coeff. of P
e M

< T sup {max{|al, | a coeff. of P}}

we ‘M(L)
where T is the number of terms in P. The right hand side is < 1 for all but
finitely many vg. Therefore (B! ),ens is an My-bounded family of subsets of
U;.
Finally we prove | JY , B = X(K). Fix ve M. Let z € X(K). Write
t(x) = (ap:---:an). For i such that |a;|, = maxo<j<n{|a;|v}, we have

<1l forj=0,...,N.

Thus 2 € B! and this proves | J*, B! = X (K).
[l

4.3 Local height associated to presentations of closed
subschemes

In this section we fix an infinite field K equipped with a proper set of absolute
values M. We fix an algebraic closure K of K and let

the restriction | |,|x on K is an element of My

M=M(7)={H

| |, is an absolute value on K such that } .

Let K ¢ F < L c K be intermediate fields such that [L : K] < o0. (The
field F' is going to be the field over which our ambient scheme X is defined
and L is going to be the one over which the closed subschemes, to which we
will associate height functions, are defined.)

Remark 4.16. For any F-scheme X, there is a canonical injection X (L) —
X(K) induced by the inclusion L = K. By this manner, we identify X (L)
as a subset of X (K).

We fix a quasi-projective scheme X over F' in the rest of this
section.
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Definition 4.17 (Local height associated with presentations). Let
Y < Xy be a closed subscheme such that Y n Ass(X,) = ¢J. Let Y =
(Y;Dy,...,D,) be a presentation of Y where

D, = (sDi;ﬁ(i),s(()i),...sﬁfl_);/\/l(i),téi),... t(i)'w(i)).

s Ymy

We define the map, which is called local height function associated with
presentation ),

Ay: (X\Y)(K) x M(K) — R
as follows. For (z,v) € (X.\Y)(K) x M(K), we set

Ay(z,v) := min{Ap, (z,v),..., A\p (x,v)}

Ap,(x,v) := log (02}?; {Oé%gm { }}) )

Here ng‘) /sDit,(j) is an element of Ox(X\(D; u div(t,(j)))) defined in Construc-
tion B0, If x ¢ (X\(D; L div(t)))(K), we set [ /sp,ti (x)], = 0. We
use the conventions a < oo for all @ € R and log(o) = o0.

where
0

SDitg)

Remark 4.18. Sometime it is convenient to allow z € Y(K). We define

My(z,v) = w0 if x € Y(K).

Lemma 4.19. Let D, E be two effective Cartier divisors on X, and let D, &
be presentations of D, E. Then

)\D+g = Ap + Ag: (XL\(D U E)) X M(K) — R.
Proof. Let

D = (sp; L£,80,- - 8n; M, to, ..., tm; 0),
8 = (SE;£/7867' . 75In’;M/7t67 e 7t;n’;w/)-

Recall the sum D + £ is defined as

D+ €& =
<8D+E;£®£/, {si ®S;}(§)§?§n,;M ® M’ {ty ®t2}8
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Note that

/ /

Spyetr @1  spty sgt)

as elements of Oy, (X, \(D v E v div(ty) v div(t))). Then for (z,v) €
(XL\(D v E)) x M(K),

)| ¢ maxmin
v J t

’
Si S

SDtk SEt;

()

k.l

= log (max mkin {

= Ap(z,v) + Ae(z,v).

Apie(z,v) = log (max min{
27‘7

s"

(@)

SEtE

S;
—(x
Spty

J)

]

Lemma 4.20. Let D be an effective Cartier divisor on X and let D be a
presentation of D. Let X' be a quasi-projective scheme over L and f: X' —
X1 a morphism over L. Suppose [*D is well-defined. Then

Mo (f xid) = Apsp: (X\f YD) (K) x M(K) — R.
Proof. Let

D= (SD;'CvSO?'"7$n;M7t07~--atm;,¢))'

)
)

For (z,v) e (X'\fY(D))(K) x M(K), we have

f*s;

Sf*Df*tj

()

Apsp(z,v) = log max mjn{
i

L (f())

SDtj

= log max min {
i

= Ap(f(x),v).
[l

Proposition 4.21 (Basic properties of local height functions associated with
presentations). Let Y, W < X be closed subschemes such that Y nAss(X) =
W nAss(X) = . Let Y, W be presentations of Y,W. Then the following
hold:
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(1) Aypaw = min{ Ay, Aw}: (XL\(Y n W))(K) x M(K) — R;
(2) )\y+W = )\y + A (XL\(Y v/ W))(R) X M(?) —> R;
(3) Let L < L' = K be an intermediate field such that [L': L] < 0. Then

)\y = )\yL, : (XL\Y) (K) X M(F) —R.

(XL/\YL/)(F) X M(K)
(4) Let X' be a quasi-projective scheme over L and f: X' — X a mor-
phism over L. Suppose f*) is well-defined. Then
Ay o (f % id) = Apey: (X\f (V) (E) x M(R) — R.
Proof. Let Y = (Y;Dy,...,D,) and W = (W;&,...,E,).
(1) Since Y n W = (Y nW;Dy,...,D,, &, ...,Es), we have
Ayew = min{Ap,, A, } = min{Ay, Aw}.
Z7j
(2) Since Y + W = (Y + W;{D; + &;},), by Lemma ET9 we have
Ayew = min{dp g} = minfdp, + Ag } = Ay + A
7/"7 17-]
(3) This is trivial from the definition.
(4) Since f*Y = (f~YY); f*Dy,..., f*D,), by Lemma we have
)\f*y = min{)\f*pl, .. 7)\f*Dr}
=min{Ap, o (f xid),..., Ap, o (f xid)} = Ay o (f x id).
O

Lemma 4.22. LetY < Xy, be a closed subscheme such that Y nAss(X) = (.
Let Y be a presentation of Y. Let L ¢ L' < K be an intermediate field. Let

x e X(L') be any point. For v,w e M(K), if v|p = w|r, then
)\y(l‘,v) = /\y(ﬂf,ﬂ)).
Proof. In the notation of Definition BT,

(4)
S
SDith
is contained in L’. Thus
(4) (@)
L@ = |5
O 4©
D; Y SD;ly, w

and we get Ay(z,v) = A\y(z, w). O
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Definition 4.23 (My-constant). A map v: M(K) — Rsg is called M-
constant if v factors through Mg, i.e.

M(K) —— R0

restriction -
el

My

and J(v) = 0 for all but finitely many v € M. We denote 7 also by 7 for
simplicity.

For any intermediate field K < L < K with [L : K] < o0, we also write
v(v) = F(v|g) for v € M(L). Note that y(v) = 0 for all but finitely many
ve M(L).

We have concrete expressions of local heights when they are restricted on
M-bounded families of subsets.

Lemma 4.24. Let D < X be an effective Cartier divisor and D be a pre-
sentation of D. Let U < Xy, be a non-empty open affine subset such that

D|y =div(f) for a non-zero divisor f € O(U);
£|U =~ OU =~ M|U

Let B = (By)enw) be an Mg-bounded family of subsets of U. Then there
exists an M -constant v such that

log v(v) < Ap(z,v) < log + v(v)

1 —
[F (@)l
for allve M(K) and x € B,\D(K).

(@)l

Proof. Let D = (sp; L, So, .-, 8n; M, tg. ... ty;¥). Fix isomorphisms

a £|U = OU;

ﬁ: M‘U l’ OU
and set

a(silv) = gi;
B(tilv) = hy.

Note that g;, h; are non-zero divisors of O(U). We also have the isomorphism

a®(BY) oy Ox(D)|jy > LMy = Op.
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Then a® BY o~ (sply) = uf for some ue O(U)*. Then on V = U\(D u
div(t;)), we have

LRMT®O0x(D)[,"E5 04 (D) ® Ox (D) |y —=— Oy

Si G
SD'[J]' Vv U,fh]

silv ®tj_1|v ®sp' v

Since sg, . .., s, generate L, there are aq, ..., a, € O(U) such that

aogo + -+ + angy = 1. (4.1)

Therefore for any v € M(K) and z € B,,, we have
1= lag(x)go(x) + -+ - + an()gn(2)lo

< (n+ 1% ynax {Jai(2)],} max {]gi()]}

< (n+ 1)6(”) max {sup sup{|a;(y)|,}} max{|g;(x)|,} where vy = v|gk

A v |vo Y€Bw 0<i<n

= (n+ 1)) max (o ()} e {lgs(2) )

0<i<n

By (D)v maXOSiSn{Cvo,B(ai)} # 0 and we get

1
A TRV T ) M
Similarly, we take b; € O(U) so that bohg + - - - + by by, = 1 and get
1
hi(z)]y) = . 43
o i)} = S maso sy o Coon (6)) (43)

For any v € M(K) and z € B,\D(K), let us set vy = v|, then by (E2)
and (E23),

max min | (x)] = max min 9:(2)
0<i<n 0<js<m SDtj v O<isn 0<jsm u(x)f(x)h](x) v
) 1
—1 E(Uo) ) .
< Cypplu™)(m+1) 021]-1’5,1{0”073@3)} &%’%{CUO,B@Z)} (@),
4
7 o) g (O s )+ D s (O ()} ),
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Since the big constant coefficients are < 1 and > 1 for all but finitely many
vy € My respectively, we are done.
O

On projective schemes, local height functions associated with presenta-
tions essentially depend only on the closed subschemes.

Proposition 4.25 (Independence on presentations). Suppose X is projective
over F. Let Y < Xy, be a closed subscheme such that Y n Ass(X) = J. Let
Y and Y' be two presentations of Y. Then there exists an M -constant -y
such that

Ay(J:?U) - ’7(0) < Ay’(xﬂ)) < /\y(ZL‘,U) + ’7(”)
for all (z,v) e (X\Y)(K) x M(K).

Proof. Let Y = (Y;D4,...,D,) and V' = (Y;&,...,&). Then )" =
(Y;Ds,...,D,, &1, ..., &) is also a presentation of Y. By replacing )’ with
V", we may assume )’ = (Y;Dy,...,D,, &, ...,E). By arguing inductively
on s, we may assume )’ = (Y;Dy,..., D, E).

By definition, we have Ay > Ays. To end the proof, it is enough to show
that Ay > Ay — ~ for some Mg-constant ~.

Claim 4.26. Let U < X be an open affine subset such that all invertible
Ox-modules in Dy, ..., D,,E are isomorphic to Op. Let B = (B,),cnxw) be
an My -bounded family of subsets of U. Then there exists an Mg -constant
Yu,B such that

Ay (2,v) = Ay(z,v) — yu,5(v)

for allve M(K) and x € B,\Y (K).

Proof. Let Dq,...,D,, E be the effective Cartier divisors presented by D,
.., D € Let f1,..., fr, g € O(U) be non-zero divisors such that

Dy|ly =div(f1),..., Drly = div(f,.), E|ly = div(g).

Since Dy, ... D, already form a presentation of Y, we can write

9= Z aifi
i=1
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for some a; € O(U). Then for any v € M(K) and z € B,, set vy = v|x and
get

lg9(@)l < ) max {Cy, p(a;)} max{] fi(w)l.}.

1<ir
Therefore, if z € B,\Y (K), we have
)‘y’(xa U) = min{)‘D1 ('T7 U)> sy )\Dr(x7 U)a AS('T? U)}

1 1 1
> min {log AL e w8 |g<x>\v} — )

for some Mg-constant ~y
( Lemma B724)

1 1 1
> min< log ————, ..., log ,log }
{ | f1(2)]o [fr(@)]e” 7 maxicicr {| fi(2)]o}

— log (TE( 0) maX{Cvo B(az)}) —7(v)

1<i<

= i {los i 108 (44 s Conatt) 0

> Ay(@,v) = 7/ (v) = log (1) max {Cuy p(a)} ) — ()

1<i<gr

for some M y-constant +/
( Lemma 0=27)

and we are done.
n
Now, take a finite open affine cover {U;}_; of X consisting of open affines
as in the claim. By Proposition B3, there are Mg-bounded family of subsets
B! = (B})enx) of U such that | Ji_, B] = X(K) for each v e M(K). Then
for any v € M(K) and z € (X.\Y)(K), we have

Ay (,0) = Ap(e,v) — max (0,.:(v)}.

IEA)
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4.4 Local height associated to closed subschemes

In this section we fix an infinite field K equipped with a proper set of absolute
values M. We fix an algebraic closure K of K and let

the restriction | |,|x on K is an element of My

M:M(F):{| |v

| |, is an absolute value on K such that } _

We will associate local height functions (up to Mg-bounded function) to
closed subschemes of projective schemes over K.

Definition 4.27. Let U be a quasi-projective scheme over K. Two maps

)\1,/\23 U(F) X M(K)—>R

are said to be equal up to Mg-bounded function if there is an Mg-constant
~ such that

Az, v) = () < Ao, 0) < Ma(z,0) +7(v)

for all (z,v) € U(K) x M(K). Note that this defines an equivalence relation.
Any function in the equivalence class of the constant map 0 is called Mg-
bounded function. When A; and Ay are equal up to Mg-bounded function,
we write Ay = Ag + Oz, (1).

When there is an Mg-constant v such that

A(z,v) < Xz, v) + 7(v)

for all (z,v) e U(K) x M(K), we write A\; < Ay + Oy, (1).

Remark 4.28. When the functions are allowed to take value oo, we use the
same notation under the convention:

e o < o for all a € R;
e 0+ a = oo for all a € R;

® OO

+

W0 =W
e o0 — o0 = 0.
In particular,
(1) if Ay < Ao + O (1), then Ay (z,v) = oo implies Ao(z,v) = 0.

(2) if Ay = Ao + Opgpe (1), then A\ (z,v) = o0 if and only if Ao(z,v) = 0.
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Construction 4.29. Let X be a projective scheme over K. Let Y < X be
a closed subscheme such that Y n Ass(X) = ¢f. Take an intermediate field
K < L c K such that

e [L: K| <o

e there is a projective scheme X over L and a closed subscheme Y,
Xr;

e there is an isomorphism (X )% ~ X of
isomorphic to Y':

-schemes by which (Y7)5 is

We identify (X1 )z, (Yz)% with X, Y via this isomorphisms. Note that since
X — X is flat, we have Y, n Ass(Xp). Thus we can take a presentation
Y of Y, and get a map

Ay: (X\Y)(K) x M(K) — R.

Let L', X1/, Y, be another such a field and schemes and take a presenta-
tion )’ of Y;,. Then there is a subfield L” < K that contains L, L/, is finite
over K, and the isomorphism (Xp)g — X — (Xp)x is defined over L”.
Then we get isomorphisms of L”-schemes

(XL)L” % (XL’)L”

)]

(YL)L” ;) (YL/)L//

and identify them by these isomorphisms. Then Y~ and )}, are presenta-
tions of the same closed subscheme and therefore by Proposition B=211(3) and
Proposition BZ23, there exists an M-constant v such that

Ay(@,0) = 7(v) < Aypr(,0) < Ay(a,v) +7(v)

for all (z,v) € (X\Y)(K) x M(K).
Therefore Ay and Ay are equal up to Mg-bounded function.

Definition 4.30 (Local height associated with closed subschemes).
In the notation of Construction B2, any map (X\Y)(K) x M(K) — R
which is equal to Ay up to Mg-bounded function is called a height function
associated with Y and denoted by Ay. This is well-defined by Construc-
tion E29.
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Remark 4.31. Note that Ay is determined up to Mg-bounded function by
Y.

Proposition 4.32 (Good choice of local heights). Let K ¢ F < K be an
intermediate field such that [F : K| < oo. Let X be a projective scheme over
F. Let Y < X be a closed subscheme such that Y n Ass(X) = . Then we
can take a local height function Ay associated with Y so that the following
holds. For any intermediate field F = L < K with [L : F| < o, Ay induces
a map (X \Y2)(L) x M(L) — R:

My

(XL\YZ)(L) x M(E)—— (X7\Y)(K) x M(K)

id x( )|LJ{

(XL\YL)(L) x M(L)

Namely, Ay = Ay works for any presentation Y of Y.
Proof. This follows from Lemma B—Z2. O]

Let us prove basic properties of local height functions. Let us first recall
operations of closed subschemes. Let X be an algebraic scheme and Y, W <
X be closed subschemes and Zy, Zy, be ideals of them. We define:

(1) Y n W < X is the closed subscheme defined by Zy + Zy;
(2) Y + W < X is the closed subscheme defined by Zy Zy;
(3) Y U W < X is the closed subscheme defined by Zy n Zy .

Note that
IyIW C Iy M IW

and thus Y UW < Y +W < X as schemes. Also, Supp(Y uW) = Supp(Y +

Theorem 4.33 (Basic properties of local heights). Let X be a projective
scheme over K. Let Y, W < X be closed subschemes such that Y n Ass(X) =
W nAss(X) = . Fiz local heights Ay and Ay associated with Y and W.

(1) Fiz local heights Ay ~w associated with Y n W. Then
)\YQW = I’Ilin{)\y, Aw} + OMK(l)

on (X\(Y n W))(K) x M(K).
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(2) Fiz local heights Ay w associated with Y + W. Then
Aysw = Ay + Aw + One (1)
on (X\(Y uW))(K) x M(K).
(3) If Y < W as schemes, then
Ay < Aw + O (1)
on (X\Y)(K) x M(K).
(4) Fix local heights Ay w associated with’ Y v W. Then

max{Ay, \w} < Ayow + O (1);
Avow < Ay + Aw + O (1)

on (X\(Y uW))(K) x M(K).
(5) If SuppY < Supp W, then there ezists a constant C > 0 such that
Ay < CAy + O (1)
on (X\Y)(K) x M(K).

(6) Let p: X' —> X be a morphism where X' is a projective scheme over
K. Suppose p(Ass(X')) nY = &. Then we can define X,-1(y) ,where
0 1Y) is the scheme theoretic preimage, and

)\y o (30 X ld) = )\w—l(y) + OMK(l)
on (X"\g™' (V) (K) x M(K).

Proof. This follows form Proposition B221 and Construction E—29. [

5 Arithmetic distance function

In this section we fix an infinite field A" equipped with a proper set of absolute
values M. We fix an algebraic closure K of K and let

| |, is an absolute value on K such that } '

M = M(K> = | ‘v S ]
the restriction | |,|x on K is an element of Mg
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Definition 5.1 (Arithmetic distance function). Let X be a projective scheme
over K. Let Ax = X x X be the diagonal. Suppose Ax N Ass(X x X) =
. The local height function Aa, associated with Ay is called arithmetic
distance function on X and denoted by dx:

Sx = Aay: (X x X\Ax)(K) x M(K) — R.

Note that this is determined up to Mg-bounded function. We set dx (x, z,v) =

o for x € X(K) and v € M(K).

Remark 5.2. If X is reduced and all the irreducible components have dim >
1, then Ax n Ass(X x X) = (.

Proposition 5.3. Let K ¢ F < K be an intermediate field such that [F :
K| < . Let X be a projective scheme over F. Suppose Ax n Ass(X x
X) = . Then we can take an arithmetic distance function 5)(? so that the

following holds. For any intermediate field F < L < K with [L : F] < oo,
5)(? induces the indicated map:

(X x X\Ax)(L) x M(K)—s (X x X\Ay)(K) x M(

id x( )|Ll

(X x X\Ax)(L) x M(L)

=
=
e

Namely, dx.. = )‘S( works for any presentation Z; of Ax.
Proof. This follows from Proposition B=32. ]

Proposition 5.4 (Basic properties of arithmetic distance function). Let X
be a projective scheme over K and suppose Ax n (X x X) = . Fix an
arithmetic distance function dx.

(1) (Symmetry) There exists an Mg-constant y such that

[0x (2,9, v) = 0x (y, 2, 0) < 7(v)
for all (x,y,v) € (X x X\Ax)(K) x M(K).
(2) (Triangle inequality 1) There exists an My-constant ~y such that
dx(z,z,v) +y(v) = min{dx(z,y,v),dx(y, z,v)}

for all (z,y,z,v) e X(K)* x M(K).
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(3) (Triangle inequality IT) Let Y < X be a closed subscheme such that
Y nAss(X) = . Fix a local height Ay associated with Y. Then there
15 an My -constant v such that

Ay (y,v) + v(v) = min{ Ay (x,v),0x(z,y,v)}
for all (x,y,v) e X(K)? x M(K).

(4) Let y € X(K). Suppose y € X, as a closed point, is not an associated
point of X. Fiz a local height function )\, associated with {y}. Then
there is an Mg -constant v such that

|0x (2,1, v) = Ay(z,0)] < (V)
for all (x,v) e (X(K)\{y}) x M(K).
Proof. (1) Apply Theorem BE=33(B) to the automorphism
og: X x X — X xX;(z,y) — (y,2).

Note that 07! (Ax) = Ax.
(2) Consider the following projections:

X xXxX
pr pr
12 prlSJ 23

X x X X x X X x X.

Note that pr;; are flat and hence we have pr;; (Ass(X x X x X)) < Ass(X x X).
Then up to Mg-bounded functions, we have

min{éx(x, Yy, 2)), 5X(y> Z, U)}
= min{)\AX (x,y,v), AAy (y, Za'U)}
= min{)\prle(Ax)<x7 Y, 2, ’U), )\Pr2_31(AX)(x’ Y, = U>} by Theorem 33 (E)

- )\prﬁl(Ax)mpr;;(AX)(x, Y, 2,0) by Theorem B=33 ()

< Mptay) (@, 2,0) priy (Ax) N pryg (Ax) < prig (Ax)
Phis 18X and Theorem A=33(3)

= Ay (z,2,0) = dx(z, 2, v).
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(3) Consider the following diagram:

X x X

prll

X oY.

Since pr; is flat, we have pr;(Ass(X x X)) < Ass(X). Then up to M-
bounded functions, we have

min{\y (z,v),0x(z,y,v)}
= mln{)\prfl(y) (I, y, U)y AAX (I’ y? U)}
= At (v)mag (8, ) by Theorem B=33 ()

pr; H(Y) n Ay < pry ' (Y)
and Theorem A=33(B)

< )\prgl(Y) ('I’ Y, U)
= /\Y (y> U)'
(4) Consider the embedding
i X — X x Xz (2,y).

Since y ¢ Ass(X), i(Ass(X)) n Ax = . Thus by Theorem (B), up to
Mpg-bounded function, we have

(SX(.T,Z/,U) = )\AX(CC,Z/,U) = )‘i—l(Ax)(xvv) = )‘y(x7v)~

]

6 Local heights on quasi-projective schemes

On quasi-projective schemes, a closed subscheme does not necessarily deter-
mine a local height function up to Mg-bounded function. However, it is
still possible to attach a local height function up to local height function of
“boundary”.

6.1 Good projectivization

In this subsection we work over a field k.
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Definition 6.1. Let X be a quasi-projective scheme over k. A good projec-
tivization of X is a projective scheme X over k£ and an open immersion

it X — X
over k such that Ass(X) c X.

Remark 6.2. Good projectivization is compatible with base change. That
is, let k < Kk’ be arbitrary field extension. Let X be a quasi-projective
scheme over k and X be a projective scheme over k. Let i: X — X be a
morphism over k. Then ¢ is a good projectivization if and only if the base
change iy : Xy — X is a good projectivization. Indeed, the equivalence
of being open immersion follows from fpqc descent. Let p: X;» — X be the
projection. Since p is flat, we have p(Ass(X 1)) = Ass(X). Thus Ass(X) < X
if and only if Ass(Xp) < p~H(X) = Xp.

Note that the condition Ass(X) = X implies X is dense in X. Let
Y < X be a closed subscheme such that Y n Ass(X) = . For any good

projectivization X < X and any closed subscheme Y < X such that Y n X =
Y, we have Y n Ass(X) = (.

For a given quasi-projective scheme X and an open immersion i: X — X
into a projective scheme, there are two ways to modify X so that it becomes
a good projectivization.

Lemma 6.3. Let X be a quasi-projective scheme over k. Leti: X — Y_be
an open immersion into a projective scheme X such that X is dense in X.

(1) There is a closed subscheme j: Xo = X such that

(a) j is the identity on the underlying topological spaces;
(b) j is isomorphic on X;

(c) Ass(Xo) < X.
In particular, X, is a good projectivization of X .

(2) Let Z < X be a closed subscheme with support X\X. Letm: X1 — X
be the blow-up of X along Z. Then

(a) 7 1(X) is dense in X| and isomorphic to X ;
(b) 7Y Z) < X is an effective Cartier divisor.

In particular, X, is a good projectivization of X .
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Proof. (1) First take an open affine subset U = Spec A = X. Let I be the
radical ideal such that X n U = U\V(I), where V(I) is the set of primes
containing /. Let

0=din-na,

be a minimal primary decomposition of 0. By changing labels, we may
assume [ ¢ (/q; fori =1,...,sand I < ,/q; for j = s+ 1,...,r. Then the
ideal

a=dqNn--N4gs

is independent of the choice of minimal primary decomposition by the 2nd
uniqueness theorem [, Theorem 4.10]. Since X is dense in X, NCTRV S
s+ 1,...,r are not minimal primes. Thus a is a nilpotent ideal. Set Uy =
Spec A/a. By the uniqueness of a, this construction glue together and define
desired X.

(2) This follows from basic properties of blow-ups. O

Lemma 6.4. Let X, X' be quasi-projective schemes over k. Let
i X —X, X —X

be good projectivizations. Then the product
ixji X xX —XxX

15 also a good projectivization.

Proof. Since 1, j are open immersions, so is ¢ x 7. Since the projection pr,, 7 =
1,2 from X x X' to each factor is flat, we have

Ass(X x X') < prit(Ass(X)) n pry H(Ass(X)))
cpr (X)) npry (X)) = X x X

]

6.2 Meromorphic functions and meromorphic sections

In this subsection, we briefly recall the definition of the sheaf of meromor-
phic functions and meromorphic sections of invertible sheaves on Noetherian
schemes (cf. [B, 7.1.1] for the sheaf of meromorphic functions).
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6.2.1 The sheaf of meromorphic functions

Definition 6.5. Let X be a Noetherian scheme.

(1) For any open subset U < X, define

Rx(U) := {a c (QX(U)'the germ a, € Ox, at any point} '

x € U is a non-zero divisor
This defines a sheaf Ry on X.
(2) For any open subset U < X, define
K (U) := Rx(U)"Ox (V).
This defines a presheaf K’y of rings on X.

(3) The sheafification of K’y is denoted by Kx and is called the sheaf of
meromorphic functions on X.

Proposition 6.6. Let X be a Noetherian scheme.
(1) We have Ox < Ky < Kx as presheaves on X.
(2) For any v e X, we have K , ~ Kx, ~ FracOx, as Ox ,-algebras.

(3) Let U < X be an open subset such that Ass(X) c U. Leti: U — X
be the inclusion. Then we have

Ox — 1,Oy s injective;

Kx — 1.Ky is isomorphic.
In particular, we have Kx(X) ~ Kx(U) by the restriction.
(4) Let U < X be an open affine subset. Then we have

Kx(U) = FracOx (U).

Proof. See [6, 7.1.1]. O
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6.2.2 Cartier divisors and meromorphic sections

Definition 6.7. Let X be a Noetherian scheme. A Cartier divisor on X is a
global section of the sheaf 5 /O%. Note that a Cartier divisor is represented
by a set of pairs {(U;, f;)}; where {U;}; is an open cover of X, f; € K% (U,),
and f;/f; € Ox(U; n Uj).

Let D be a Cartier divisor on a Noetherian scheme X. Take a represen-

tation {(U;, f;)}; of D. Define
Ip := the Ox-submodule of x generated by f;’s
and
O)((D> = Homox (ID, Ox)

Note that Zp and Ox (D) are invertible Ox-modules. Note that Ox (D) can
be embedded into Kx canonically by

o(fi)
fi

Now, let U < X be the largest open subset of X such that Zx|y < Op.
Define

Ox(D)|ly, — Kxlv,, ¢~

Sp € HO(U, Ox(D)) = HomOU(ID|U7 OU)
to be the inclusion Zp|y — Op. Note that

o Ass(X) c U,
e sp is a regular section of Ox (D) on U.

On the other hand, let £ be an invertible Ox-module on X and U < X
be an open subset such that Ass(X) < U. Let s € H°(U, L) be a regular
section. Then we can construct a Cartier divisor in the following way. Take
an open cover {U;}; of X such that

@i ‘CUZ' = OUi‘

Let f; € K% (U;) be the image of s|y~y, by
HO(U M Ul,ﬁ) = HO(U M Ui,OX) c IC)((U N UZ) = IC)((UZ)

Note that since s is a regular section, f; is a unit element. The isomorphism
wjop; Ou,; — Ou,;, where U;; = U; n Uj, is a multiplication by a unit
uij € Ogij(Uij). Thus we get f;/fi = wi; as elements in Kx(U;;). Thus
{(U;, fi)}i defines a Cartier divisor D on X. By the constructions, we have

HY(U, L) ~ H'(U,Ox (D)), s« splv.
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6.3 Boundary functions

In this subsection we fix an infinite field K equipped with a proper set of
absolute values Mg. We fix an algebraic closure K of K.

Definition 6.8. Let X be a quasi-projective scheme over K or K. Let \q,

Az, and A3 be maps from X (K) x M(K) to R.

(1) We write
)\1 < >\2

if there is a positive real number C' > 0 such that
Ai(z,v) < Chg(z,v)
for all (z,v) e X(K) x M(K).
(2) We write
AL DK Ay
if )\1 < )\2 and )\2 < )\1.
(3) We write
AL = A2 + O(N3)
if
‘)\1 — )\2‘ < )\3.
Remark 6.9. We say \; € Ay up to Mg-bounded function or write \; «
Xy + O, (1) if there is a positive constant C' > 0 and an Mg-constant -y

such that
)\1(1','0) < C()\Q(ZE,’U) + 7(”))

for all (z,v) € X(K) x M(K). The same is applied to A} »< As.

Lemma 6.10. Let p: X' —> X be a proper morphism between quasi-projective
schemes over K. Let

it X — X, j:X'—>7/

be good projectivizations. Let Z < X and Z' X' be closed subschemes such
that o _
SuppZ = X\X, SuppZ =X \X"

Fiz local height functions Az and Az. Then we have
Azo((iop) xid) »< Az o (5 xid)
on X'(K) x M(K) up to My-bounded function.
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Proof. Let I' X' x X be the graph of ¢, i.e. the scheme theoretic closure
of (jiop): X' — X' x X. Let Ty = T be a closed subscheme which is a
good projectivization of X’ constructed in Lemma B33 (). Then we get the
following commutative diagram:

k

X X,

1 A

where p; are the morphisms induced by projections and k is the open immer-
sion. Since ¢ is proper, k is the base change of i along p,. Thus

Py (Z) =To\X' = pi'(Z")

as sets, where the last equality follows from the definition of the graph. In
particular, Z n py(Ass(Iy)) = & and Z' n py(Ass(I'y)). Therefore, we get

Azo((iog) xid) = Azo((p2ok) xid) + O, (1)
= )\pgl(Z) o (k’ X ld) + OMK(l)
»& A1z © (b x1d) + O, (1)
= Az o (j xid) + Oy (1).

Corollary 6.11. Let X be a quasi-projective scheme over K. Let
Z.ZX—>71, ‘]X—>72

be two good projectivizations. Let Zy < X, and Zy < X4 be closed subschemes
such that o o
Supp Zl = Xl\X, Supp ZQ = XQ\X

Fiz local height functions Az, and Az,. Then we have

Az, 0 (i xid) >« Az, o (5 x id)

on X(K) x M(K) up to M-bounded function.

Proof. This follows from Lemma B6T0. O]
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Definition 6.12. Let X be a quasi-projective scheme over K. Let us take
a good projectivization X < X. Let Z < X be a closed subscheme with
SuppZ = X\X. A function A such that A »« Az up to Mg-bounded
function for such Z is denoted by Ayx and called a boundary function of X.
By Corollary B0, if A and A" are two boundary functions of X, we have

A >< N

up to Mg-bounded function. o o
Let Ay and Ay be two maps from X (K) x M (K) to Ru{w}. The property

A< A2+ O(N\ox) + Onr (1)

is independent of the choice of A\sx. (We use the convention that oo is the
max element in R U {0}, 00+ a = w0 for any a € R, o0 + o0 = o0, and
o0 — o = 0.) We write

AL = Ao + O(Nox) + Oy (1)

if A < A+ O(N\ox) + One (1) and Ay < Ay + O(Aox) + One (1), In other
words,

|A1(z,v) — Aa(z,0)| < CAz(z,v) +y(v), (x,v)e X(K)x M(K)

for some C' > 0 and some Mg-constant 7.
If A\ = Ao+ O(Nox) + O, (1), we say A\; and A are equal up to boundary
function.

Remark 6.13. Since any A\;x takes finite values on X (K) x M(K), \; <
A2+ O(Aox) + Oy (1) and A (z,v) = oo imply Ao(z,v) = 0.

Remark 6.14. By Lemma G610, boundary functions are compatible with
proper morphisms. That is, let ¢: X’ — X be a proper morphism between
quasi-projective schemes over K. Then for any boundary functions A\gx and
Aoxr on X, X’ respectively, we have

Aox 0 (p x id) »<« Agxs

on X'(K) x M(K) up to Mg-bounded function.

Remark 6.15. On a projective scheme, a boundary function is nothing but
an My-bounded function.
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Lemma 6.16. Let X, X' be quasi-projective schemes over K. Then for any
boundary functions \ox and A\ox: on X and X', we have

Aa(xxx1) »< Aax o (pry x id) + Aaxr o (pry x id)

up to My -bounded function. Here pr; is the projection from X x X' to each
factor.

Proof. Let
— —/
i X —X, X —X
be good projectivizations. Then the product
ixjii X xX —XxX

is a good projectivization by Lemma E4. Let Z = (X\X),q and Z' =
(X\X")red. Then (X x X )\(X x X’) = pr;1(Z) U pr; ' (Z') as sets. Thus

AT XXX )y T € A2 © (pry xid) + Az o (pry x id)

up to Mg-bounded function. O

6.4 Local height functions on quasi-projective schemes

In this subsection we fix an infinite field K equipped with a proper set of
absolute values My. We fix an algebraic closure K of K.

We will attach local height functions to closed subschemes of quasi-
projective schemes up to boundary functions. On a projective scheme, local
heights associated with presentations of a closed subscheme are the same up
to Mg-bounded function. On a quasi-projective scheme, it is generalized
to the following theorem, namely the same statement is true if we replace
Mpg-bounded function with boundary function.

Theorem 6.17. Let K < F — L c K be intermediate fields such that
[L : K] < w. Let X be a quasi-projective scheme over F. Let Y < X,
be a closed subscheme such that Y n Ass(Xy) = &. Let Y and Y’ be two

presentations of Y. Then Ay and Ay are equal up to boundary function, i.e.

/\y = )\yl + O()\axf) + OMK<1)

on X(K) x M(K).

Corollary 6.18. Let ¢: X' —> X be a morphism between quasi-projective
schemes over K. Then

)\GX o) (gp X ld) = O()\@X/) + OMK(l)
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Proof. Let K ¢ F = K be an intermediate field such that [F : K] < o
and X, X’, and ¢ are defined over F. Let us denote models over F' by
Xr, Xp, and ¢p. (Note that we take F' large enough so that X and X}, are
quasi-projective.) Take a good projectivization i: Xp — X over F. Let
7 = X\Xp with reduced structure. Take a presentation Z of Z. Then i*Z
is a presentation of the empty subscheme 5 ¢ Xp. It is enough to show the
statement for \px = Az. By the functoriality, we have

/\Z @) (gp X ld) = )\‘p*g.

Note that ¢*Z is a presentation of ¢ < X3. By Theorem B4, we get
Aoz = O(Xaxr).
O

Definition 6.19 (Local heights on quasi-projective schemes). Let X be a
quasi-projective scheme over K. Let Y < X be a closed subscheme such
that Y n Ass(X) = . Let K ¢ F < K be an intermediate field such that
[F: K] < o0 and there exist a quasi-projective scheme Xp over F' and a
closed subscheme Yr» < X such that

(Xp)g — jf
commutes. o o
Let ) be a presentation of Yr. Any map X(K) x M(K) — R u {0}
which is equal to Ay up to boundary function is called a height function
associated with Y and denoted by Ay. This function Ay is determined up to

boundary function and the definition is independent of the choice of F, Xp,
and the presentation ).

To prove Theorem BEI7, we start with the following lemma, by which we
can actually give an alternative definition of local height on quasi-projective
schemes.

Lemma 6.20. Let X be a quasi-projective scheme over K. Let Y < X be a
closed subscheme such that Y n Ass(X) = . Let

iIX—>71, jX—>72

be two good projectivizations. Let }N/l - X, and }N/Q c X, be closed subschemes
such that N N
YinX=Y, YonX=Y.
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Fiz local heights Ay and Mg, . Then we have

Ag, 0 (i xid) = Ay, o (j x id) + O(Xax) + Onr,e (1)

on X(K) x M(K).

Proof. Let I' © X x X5 be the scheme theoretic closure of (i, jo¢): X —>
X1 x X5. Let Ty < T be a closed subscheme which is a good projectivization
of X constructed in Lemma 63 (0I). Then we get the following commutative
diagram:

k

XX, <21,
N o
X,

where p; are the morphisms induced by projections and k is the open immer-
sion. Then we have

V)N X =Y =p;'(Ya) n X

as closed subschemes.

Claim 6.21. Let V be an algebraic scheme, U < V' an open subset, and Z =
VAU equipped with the reduced structure. Let Wi, Wy be closed subschemes
of V such that Wy n' U = Wy n U as closed subschemes. Then there is a
non-negative integer n such that

W1 e W2 +nZz.

Proof. Let Zy,,Zw,, and Z be the ideal sheaf of Wy, W5, and Z. Let
F = Im(IW2 I OV I Ov/le)

Then the support of this coherent sheaf F is contained in Z. Thus there is
n = 0 such that Z}F = 0. This implies the map

IgIWz —_—> OV —_—> Ov/le

is zero. This is what we wanted. n
Let Z = I'p\X with reduced structure. By the claim, there is n > 0 such
that

~

prt(V1) < pyt(Ya) + nZ.
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Note that for [ = 1,2 we have

Y, A Ass(X) = Y, n Ass(X) = &
Y, N pi(Ass(Iy)) = Y, A pi(Ass(X)) = &
and therefore Ay and )\p;l (¥;) are well-defined.
Then we get
Ay, 0 (i xid) = Ay, o (p1 x id) o (k x id)
= Apfl(fﬁ) o (/{Z X 1d> + OMK(l)
< >\p2_1(172) o (k‘ X ld) +nAzo (/{5 X 1d> + OMK(l)
= )\172 o (j X ld) +nAzo (k X 1d) + OMK(1>
We can get the opposite inequality by switching the role of Y; and Y, and

we are done.

m
Now we prove Theorem GI7.

Proof of Theorem [6.17.

Claim 6.22. Let X be a quasi-projective scheme over F' and D be an effective
Cartier divisor on X. Let D be a presentation of D. Then there exists

e a good projectivization X < X such that X\X is the support of an
effective Cartier divisor on X ;

e an cffective Cartier divisor D on X such that E|X =D;

e a presentation D of D and a presentation € of an effective Cartier
divisor whose support is X\ X,

such that N
D|x =D+ &lx.

Proof. Let
D = (SD;‘Cv'SO?'"7Sn;M7t07"-atm;w)'

Since s;’s and t;’s are generating sections, they define a morphism from X
to projective spaces P" and P"™:

Ve X — P = Proj Flzg, ..., x,] =1 P

Upri: X — P = Proj Flyo, - - -, Ym| =: Po.
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Let take an immersion
a: X — PN =P,

into some projective space PV. Let X < P x Py x P be the scheme theoretic
closure of the immersion (W, ¥y, a): X — P; x P, x P3. Let X be the

blow up of X along (X \X)seq. We get the following diagram:

N

X—X

(P, ¥p,0)

X Py x Py, x P

where 7 is the open immersion and it is a good projectivization by Lemma B=3.
We identify X with its images via thls diagram. Let F — X be the excep-
tional divisor of the blow up X — X'. Note that E = X X\X as sets.
Let
pi:7—>P1><P2><P3—>PZ~

be the morphism induced by the projections. Let

L =piOp (1), Sy =pize,...,5, = piz,

M = psOp,(1),  to=D5yo, - tm = D3t
By construction, we have

E|X = E, SNi|X =S5;

Since Ass(X) = Ass(X), §; and t; are regular sections.
By the isomorphism

LOM Yy = L@M™! ——0x(D)
the regular section sp € H°(X, Ox (D)) can be regraded as a regular section
spe H(X,LOM™).

Since Ass(X) < X, this is a meromorphic section. Thus by section E2Z3,
this defines a Cartier divisor D’ on X and by construction

Dl|x=D
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Recall that X\ X is the support of the exceptional divisor £. Thus there is
a non-negative integer d > 0 such that

D:=D' +dE
is effective. Note that D|y = D and
Ox(D) = Ox(D') ® Ox(dE) =~ L& M ® Ox(dE).

We denote this isomorphism by x (from right to left). Take a presentation
of dE:
E = (sam; L8y, -y sy Mty ot ).

n'y

Then
Di=(spi LOL {5 @ sp; s MM {T; @t} }; x 0 id @)
is a presentation of D. Then we get
Dlx =D+ &|x

and we are done. [ |

Claim 6.23. Let X be a quasi-projective scheme over F' and 'Y < X be a
closed subscheme such that Y n Ass(X) = . Let

Y=(Y;Dy,...,D,)
be a presentation of Y. Then there exist
(1) a good projectivization i: X — X;

(2) a closed subscheme Y © X such that Y n X =Y (in particular, ¥
Ass(X) = &);

(3) a presentation Y of Y';

(4) presentations &, . .. , & of effective Cartier divisors on X whose sup-
ports are contained in X\X,

such that N
y’X = (Y,Dl +51’X7--'7Dr +(€7«’)().
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Proof. Let D; be the divisors presented by D;. By the definition of presen-
tation, Y =Dy n---n D,.
For each D;, apply Claim EZ22 and get:

e a good projectivization j;: X — X
e an effective Cartier divisor INDZ c X, and its presentation ﬁ;

e a presentation &, of an effective Cartier divisor F; < X, such that
Supp E; = X\ X,

satisfying
jiD; = D;
J*D; = D; + &

Let X' be the scheme theoretic image of the morphism (j;)_,: X —
IT_, X;. Let X X' be the closed subscheme which is a good projectiviza-
tion of X constructed in Lemma B=3 (I). We get the following diagram:

Ui)i=1 r oY~ P

where « is the induced closed immersion, pr; is the i-th projection, p; =
pr; oa, and i is the good projectivization. Note that p;(Ass(X)) = p;(Ass(X)) =

4i(Ass(X)) = Ass(X;). Therefore we can pull-back presentations on X; by

Di-
Let N N N
Y =piDyn---np:D,.

Then Y nAss(X) = Jand Y n X =Y. Let

~ ~

This is a presentation of Y and
VIx = (YD1 +piéilx,. ., Dy + piErlx).

Note that p}&; is a presentation of pE; and Supp pfE; < X\ X. |
Now let X be a quasi-projective scheme over F' and Y < X be a closed
subscheme such that Y n Ass(Xp) = . Let Y = (Y;Dy,...,D,) be a
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presentation of Y. Take 7: X, —>_7, }N/, )7, and &; as in Claim 623 (apply on
Xy and set F' = L). Then on X(K) x M(K), we have

)\y = min{)\pl, ey )\DT}

and
/\5) o (Z X 1d) = min{/\pl + )‘51 [} (Z X 1d), ceey )\97, + /\57- o (Z X ld)}
Thus
Ay o (i xid) < Ay + max{Ag o (i x id),..., A, o (i x id)}
)\370( d)Z/\y-f—min{)\glO(Z'Xid),...,/\gro(’iXid)}.

Since &; are presentations of divisors supported in X\ X, we have

max{)\gl o (Z X ld), RN )\gT o (Z X ld)} = O()\@X) + OMK(l)
Iﬂin{)\gl o (Z X ld), ce ,/\gr o (2 X ld)} = O()\ax) + OMK<1)

This implies
Ay = )\)7 o (Z X 1d) + O()\ax> + OMK(1>~

Note that Ay is a local height on a projective scheme X. Hence the
statement follows from Lemma B=20.
O

Theorem 6.24 (Basic properties of local heights on quasi-projective schemes).
Let X be a quasi-projective scheme over K. Let Y,W < X be closed sub-
schemes such that Y n Ass(X) = W n Ass(X) = . Fix local heights Ay
and Ay associated with Y and W.

(1) Fiz local heights Ay ~w associated with Y n W. Then
Avaw = min{Ay, Aw} + O(Xox) + O, (1)
on X(K) x M(K).
(2) Fizx local heights Ay 1w associated with Y + W . Then
Aviw = Ay + Aw + O(Nax) + O (1)
on X(K) x M(K).
(3) If Y < W as schemes, then
Ay < A + O(Aox) + O (1)
on X(K) x M(K).
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(4) Fiz local heights Ay w associated with Y o W. Then

max{)\y, Aw} < Advow + O(/\GX) + OMK(1)7
Avow < Ay + Aw + O(Aax) + Owr (1)

on X(K) x M(K).
(5) If SuppY < Supp W, then there ezists a constant C > 0 such that
Ay < CAhwy + O()\ax) + OMK(l)

on X(K) x M(K).

(6) Let gp:_X’ — X be a morphism where X' is a quasi-projective scheme
over K. Suppose p(Ass(X')) nY = &. Then we can define Ay-1(y)
,where o~ Y(Y) is the scheme theoretic preimage, and

Ay o (ap X id) = /\go—l(Y) + O()\aX’) + OMK(l)

on X'(K) x M(K).
(7) Let ¢: X' — X be a proper morphism where X' is a quasi-projective
scheme over K. Then for any boundary functions \ox and \sx:, we

have
Aox © (¢ xid) »« Aoy

on X'(K) x M(K) up to Mg-bounded function.

Proof. Follows from the definition of local height associated with presenta-
tions and Proposition E2211, Corollary 618, Theorem 614, and Remark 614.
O

6.5 Arithmetic distance function on quasi-projective
schemes

In this subsection we fix an infinite field KA equipped with a proper set of
absolute values M. We fix an algebraic closure K of K.

Definition 6.25. Let X a quasi-projective scheme over K. Suppose Ax N
Ass(X x X)) = . Then alocal height function associated with A x is denoted
by dx and called an arithmetic distance function on X:

dx(z,y,v) = Aay (z,y,v)

for (z,y,v) € (X x X)(K) x M(K). Note that this is determined up to
boundary function on X x X.
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Proposition 6.26 (Basic properties of arithmetic distance function on quasi-pro-
jective schemes). Let X be a quasi-projective scheme over K and suppose
Ax n (X x X) = . Fiz an arithmetic distance function 0x.

(1) (Symmetry) We have
Ox(2,y,0) = 0x(y, 2,0) + O(Napxxx) (2,4, v)) + One (1)
for all (x,y,v) € (X x X)(K) x M(K).
(2) (Triangle inequality I) We have
min{dx (x,y,v),0x (v, z,v)} < dx(x,2,v) + O(Aoxxxxx)(2, ¥, 2,v)) + Onry (1)
for all (z,y, 2,v) € X(K)* x M(E).

(3) (Triangle inequality IT) Let Y < X be a closed subscheme such that
Y n Ass(X) = . Fiz a local height Ny associated with Y. Then we

have
min{/\Y(xav)v 5X(:L‘7ya U)} < )‘Y(yv U) + O()‘ﬁ(XXX)<m7y7v)) + OMK(l)
for all (x,y,v) e X(K)? x M(K).

(4) Let y € X(K). Suppose y € X, as a closed point, is not an associated
point of X. Fiz a local height function A, associated with {y}. Then

Sx(2,1,v) = Ay(z,v) + Oox(2,v)) + O, (1)
for all (z,v) € (X(E)\{y}) x M(K).
Proof. (1) Apply Theorem EZ4(B) to the automorphism
o X x X — X x X;(2,9) — (y,2).

Note that c7'(Ax) = Ay.
(2) Consider the following projections:

XxXxX
Priz pris Pras
X xX X xX X x X.
Note that pr,; are flat and hence we have pr;;(Ass(X x X x X)) < Ass(X x X).
Then up to Mg-bounded functions, we have

min{dx (z,y,v),dx(y, z,v)}
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= min{)‘AX (l’,y,?}) + O<)‘3(X><X) (l‘, y7v))7 Aay (y> Z,U) + O<)‘9(X><X) (y> Z,U))}

= min{)\prl—zl(AX)(:c, Y, 2,0), Apr2—31(AX)(x, Y,2,0)} + O(Naxxxxx) (2, Y, 2,0))
by Theorem (B)

= APYIZI(Ax)ﬁpFZ_SI(AX)(xJ Y, =, U) + O()\a(XxXxX) (ZL’, Y, =, U))

by Theorem (m)

< Aprl_Bl(AX)(x7y7 Z,’U) + O()\a(XXXxX)<«T,y, 2, U))

priz (Ax) N pryg (Ax) < priz (Ax)
and Theorem B6=24(B)

= )\AX<I7ZJU) + O()\(?(XXXXX)(xvyaz7v))

= (5)((]57 2 U) + O(AG(XXXXX) (.f, Y, <, U))
(3) Consider the following diagram:
X xX

Prll

X oY.

Since pr; is flat, we have pr;(Ass(X x X)) < Ass(X). Then up to M-
bounded functions, we have

min{Ay (z,v),0x(z,y,v)}

= min{)\prl_l(Y) (SU, Y, U)? )\AX (SU, Y, U)} + O<)‘0(X><X) (l’, Y, U))

= At ynax (3,4, 0) + Oocxxx) (@, 4, v)) by Theorem (m)
< Aty (@4, v) + Oox ) (2, v)) pry (V) 0 Ax < pry (V)

and Theorem B624(B)
= )\Y<y7 U) + O()‘a(XxX)(xv Y, U))

(4) Consider the embedding
i: X — X x X;z— (2,9).

Since y ¢ Ass(X), i(Ass(X)) n Ax = &. Thus by Theorem (B), up to
M -bounded functions, we have

5X(93,y,v) = )\Ax(x>yav) + O(Aﬁ(XXX)(xvya'U))
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= )\i_l(Ax)(x7v) + O()\@(XXX)(Q:;Z/;U))
= )\y(gj,v) + O()\@(XxX)(xay7U))'
Here Aocxx) (2, 4,0) = Aaxxxy © (1 x id)(2,v) = O(Qox (2, v)) and we are

done.
O]

7 Global heights

In this section we fix an infinite field K equipped with a proper set of ab-
solute values My. We fix an algebraic closure K of K. Recall that for an
intermediate field K = L = K, M(L) is the set of absolute values on L which
extend elements of M.

Construction 7.1 (Global height function associated with a presentation).
Let K ¢ L = K be an intermediate field such that [L : K] < oo. Let X
be a projective scheme over L and Y < X be a closed subscheme such that
Y nAss(X) = . Let Y be a presentation of Y:

Y= (Yy;Dy,...,D,) where
D; = (sp;; Lo, séi), ey sﬁfi);/\/l(i),tg), o ,tgfl)i).
For any intermediate field L = L' = K, define
My (X\Y) (L) x M(L') — R

by
Ay (2, v) = min{Ap, 1 (z,v),..., Ap, (2, 0)}
where
S0
Aoou(rv) = log e, min, { o }
i v

for (z,v) € (X\Y)(L') x M(L"). Note that this map is the induced map in
Proposition EZ32.
Now define

hy: (X\Y)(K) — R
as follows. For a point z € (X\Y)(K), take an intermediate field L ¢ L' ¢ K
such that [L': L] < oo and z € (X\Y)(L'). Then
1
hy(z) = m Z (L, + Ko ] Ay, (7, 0).

veM (L")
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Claim 7.2. This map is well-defined, that is, hy(x) is independent of the
choice of L'.

Proof. Let L' and L” be two intermediate fields which are finite over L and
such that x € (X\Y)(L') and = € (X\Y)(L"). We prove hy(zx)’s defined by
L' and L" are the same. By replacing L” with the composite field L' - L”, we
may assume L' < L”. Then we calculate

1
[L// . K] Z [L/L,U : Kw|K]>‘y,L”(x?w)
) weM (L")
L,, = 2 2 L LI Ky (@)
’UGM L) w e‘ M(_L”
L,, = 2 2 LI Ky (@)
veM (L) w e
SMED S NED since z € (X\Y)(L)
LI
- % Z (L, Ko Ay (2, 0) by well-behavedness
[ ' ] veM (L)
1 /
= [L’ . K] Z [Lv : KU\K])‘JJ,L’(%U)
’ veM (L)
and we are done. O

Construction 7.3 (Global height function associated with a closed sub-
scheme). Let X be a projective scheme over K. Let Y < X be a closed sub-
scheme such that Y n Ass(X) = . Take an intermediate field K ¢ L ¢ K
such that

o [L:K|]<w

e there is a projective scheme X and a closed subscheme Y; < X such
that (X1)z ~ X as K-schemes and (Y1) ~ Y via this isomorphism:

(Xp)g— X
I
Yi)g —Y

We identify (X.)% with X by this fixed isomorphism. Note that Y, n
Ass(Xp) = . Take a presentation Y of Y. The class of hy in the set
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of maps from (X\Y)(K) to R modulo bounded functions is called the global
height function associated with Y. Each element of the equivalence class is
called a global height function associated with Y.

Claim 7.4. This is well-defined, that is, if L' and )’ are another such
choices, then hy — hyr is a bounded function.

Proof. Let L” be a sufficiently large finite extension of the composite field
L - L' such that the fixed isomorphism (X, )z ~ X ~ (X)) is defined over
L". Then Yp» and Y, are presentations of (Y7,)» ~ (Y7/)r» (the isomorphism
via the fixed isomorphism (Xp)p» ~ (Xp/)pr). Also, we have hy , = hy and
hy:LN = hys. Thus we may assume L = L’ and ) and )’ are two presentations
of Y; ¢ X;.

By Proposition B=23, there is an M-constant v such that

Ay (@, v) = Ayr(z,0)] < y(v)
for (z,v) € (X\Y)(K) x M(E).

Take any z € (X\Y)(K)xM(K). Take any intermediate field L = L' = K
such that [L': L] < oo and = € (X \Y7)(L'). Then

hy(x) — hy ()

~ g 2 e K (ewe) = ol v).

veM (L)

For w e M(K), set v = w|r and vy = w|g(= v|g). Then by the definitions
of local heights, we have

Ay, (,v) = Ay(x, w);
Ay, v) = Ay (@, w)

and therefore
Ay, (2, v) = Ay (2, 0)| < y(vo).

Thus

1
[L: K]

|hy (@) = hyr(2)] < > (L Koy (vlx)

veM (L)

S i DRI RS

voEM K ve M(L")
vl = vo
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= Z 7(vo)

voEM i
and we are done. O

Definition 7.5. Notation as in Construction [Z3. The equivalence class of
hy modulo bounded functions is denoted by hy and called the global height
function associated with Y. Each representative function is usually denoted
by hy too and called a global height function associated with Y.

Proposition 7.6 (Basic_ properties of global height functions). Let X be a
projective scheme over K. Let Y, Z < X be closed subschemes such that

Y nAss(X) = Z nAss(X) = &. Then the following hold.

1) hy~z <min{hy,hz} + O(1) on (X\Y n Z)(K).

hysz = hy + hy + O(1) on (X\(Y U 2))(E).

(1)
(2)
(3) If Y = Z, then hy < hy + O(1) on (X\Y)(K).
(4)
(5)

4 HlaX{hy, hz} < hyoz + O(l) < hy +hy+ O(l) on (X\(Y ) Z))(K)

5) If SuppY < Supp Z, then there is a positive constant ¢ > 0 such that
hy < chy + O(l)
on (X\Y)(K).

(6) Let X' be a projective scheme over K and ¢: X' — X be a morphism
over K. Suppose p(Ass(X')) nY = &. Then

hy 0@ = he-1y) + O(1)

on (X"\@H(Y))(K).

Proof. These follow from the definition of global height, Proposition EZZI,
and Theorem B=33. [
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